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Chapter 1 

Introductory Information and Review



Section 1.1:  Numbers

· Types of Numbers

· Order on a Number Line



Types of Numbers 

[image: image1.png]In this course, we will work with real numbers. The following diagram shows the

types of numbers that form the set of real numbers
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Natural Numbers: 

[image: image3.png]We begin with the right side of the diagram and describe the natural numbers
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[image: image5.png]A natural number 1s prime 1f it 15 greater than 1 and its only factors are itself

and 1. & natural number greater than 1 that is not prime is called composite




Example: 

[image: image6.png]Classify each of the following natural numbers as either prime or composite.
@ 37
) 18




Solution: 

[image: image7.png](a) Since 37 is anatural number greater than 1 and its only factors are 1 and itself, we

see that 37 is a prime number.

(b) Since 18 s anatural number greater than 1 and the factors of 18 are 1,2, 3,6, 9,
and 18, we see that 18is a composite number.





[image: image8.png](a) Since 37 is anatural number greater than 1 and its only factors are 1 and itself, we

see that 37 is a prime number.

(b) Since 18 s anatural number greater than 1 and the factors of 18 are 1,2, 3,6, 9,
and 18, we see that 18is a composite number.




[image: image9.png](a) Since 37 is anatural number greater than 1 and its only factors are 1 and itself, we

see that 37 is a prime number.

(b) Since 18 s anatural number greater than 1 and the factors of 18 are 1,2, 3,6, 9,
and 18, we see that 18is a composite number.





[image: image10.png](a) Since 37 is anatural number greater than 1 and its only factors are 1 and itself, we

see that 37 is a prime number.

(b) Since 18 s anatural number greater than 1 and the factors of 18 are 1,2, 3,6, 9,
and 18, we see that 18is a composite number.




Even/Odd Natural Numbers: 

[image: image11.png]An even natural number is one that can be written in the form 24, where #isa

natural number. For example, 38 is an even natural number: 38=2.19
The set of even natural number is (2,4, 6,8, 10, .}

An oddnatural number is one that can be written in the form 22— 1, where 2 is

anatural mumber. For example, 37 is an odd natural number: 37=2.19-1

The set of odd natural numberis {1,3,5,7,9, ..}




Whole Numbers: 
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[image: image13.png]Every natural number is also a whole number.
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Example: 

[image: image14.png]True or False: Every whole number is also a natural number.




Solution: 

[image: image15.png]False: 015 awhole number, but 015 not a natural number since it does not,
belong to the set {1,2,3, .}




Integers: 
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[image: image17.png]Every whole number is also an integer.
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Example: 

[image: image18.png]True or False: Every integer is also a natural number.




Solution: 

[image: image19.png]False: —121s an integer, but —12 is not a natural number since it does not
belong to the set {1,2, 3, .}




Even/Odd Integers: 

[image: image20.png]The integers can be qualified as even or odd:

(... 6.-4,-2,0,2,4,6,..} is the set of even integers; even integers are
divisible by 2.

(.= 5.~3,~1,1,3,5,..) is the set of odd integers, odd integers are not
divisible by 2.




Example: 

[image: image21.png]Classify each of the following integers as either even or odd.
@ 38
o) -15




Solution: 

[image: image22.png](2) The integer 38 is even since it belongs in the set {...,—6,-4,-2,0,2,4,6,

(b) The integer —15 is odd since it belongs in the sef {...,~5,~3





[image: image23.png](2) The integer 38 is even since it belongs in the set {...,—6,-4,-2,0,2,4,6,

(b) The integer —15 is odd since it belongs in the sef {...,~5,~3





Rational Numbers: 
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[image: image25.png]Every integer 15 also arational number. Each integer . can be expressed as the

m
raio of integers by witing = 7




[image: image26.png]Terminating decimals and repeating decimals are rational numbers since they

can be written as a ratio of integers




Example: 

[image: image27.png]Express each of the following rational numbers as aratio of integers.
2
) 42
@ 3
() 131
() 23
(@ 29




Solution: 

[image: image28.png]@ 4% is an example of amixed number. Itis the sum of the whole number 4

2
and the proper fracion . (A proper fraction is one in which the numerator is

less than the denominator.)

We can write amixed number as an improper fraction. (An improper fraction

is one in which the numerator is greater than or equal to the denominator.)

@@+2 _12+2
3 3

(b) 1.31is an example of a terminating decimal
31 _131

131=1—=—
100 100

() 23 s an example of arepeating decimal. 23 can also be written as
2.33333..... (The three dots are used to indicate that the digits repeat in the
paitern indicated )






[image: image29.png]@ 4% is an example of amixed number. Itis the sum of the whole number 4

2
and the proper fracion . (A proper fraction is one in which the numerator is

less than the denominator.)

We can write amixed number as an improper fraction. (An improper fraction

is one in which the numerator is greater than or equal to the denominator.)

@@+2 _12+2
3 3

(b) 1.31is an example of a terminating decimal
31 _131

131=1—=—
100 100

() 23 s an example of arepeating decimal. 23 can also be written as
2.33333..... (The three dots are used to indicate that the digits repeat in the
paitern indicated )





[image: image30.png]@ 4% is an example of amixed number. Itis the sum of the whole number 4

2
and the proper fracion . (A proper fraction is one in which the numerator is

less than the denominator.)

We can write amixed number as an improper fraction. (An improper fraction

is one in which the numerator is greater than or equal to the denominator.)

@@+2 _12+2
3 3

(b) 1.31is an example of a terminating decimal
31 _131

131=1—=—
100 100

() 23 s an example of arepeating decimal. 23 can also be written as
2.33333..... (The three dots are used to indicate that the digits repeat in the
paitern indicated )





[image: image31.png]@ 4% is an example of amixed number. Itis the sum of the whole number 4

2
and the proper fracion . (A proper fraction is one in which the numerator is

less than the denominator.)

We can write amixed number as an improper fraction. (An improper fraction

is one in which the numerator is greater than or equal to the denominator.)

@@+2 _12+2
3 3

(b) 1.31is an example of a terminating decimal
31 _131

131=1—=—
100 100

() 23 s an example of arepeating decimal. 23 can also be written as
2.33333..... (The three dots are used to indicate that the digits repeat in the
paitern indicated )






[image: image32.png]@ 4% is an example of amixed number. Itis the sum of the whole number 4

2
and the proper fracion . (A proper fraction is one in which the numerator is

less than the denominator.)

We can write amixed number as an improper fraction. (An improper fraction

is one in which the numerator is greater than or equal to the denominator.)

@@+2 _12+2
3 3

(b) 1.31is an example of a terminating decimal
31 _131

131=1—=—
100 100

() 23 s an example of arepeating decimal. 23 can also be written as
2.33333..... (The three dots are used to indicate that the digits repeat in the
paitern indicated )





[image: image33.png]@ 4% is an example of amixed number. Itis the sum of the whole number 4

2
and the proper fracion . (A proper fraction is one in which the numerator is

less than the denominator.)

We can write amixed number as an improper fraction. (An improper fraction

is one in which the numerator is greater than or equal to the denominator.)

@@+2 _12+2
3 3

(b) 1.31is an example of a terminating decimal
31 _131

131=1—=—
100 100

() 23 s an example of arepeating decimal. 23 can also be written as
2.33333..... (The three dots are used to indicate that the digits repeat in the
paitern indicated )





Irrational Numbers: 
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[image: image35.png]Examples of irrational numbers are 7, 2, ~/2, and /3. (The square root of any
prime mumber is an irrafional sumber.)
Approximate values for the four irrational mumbers given above are shown below,
w3142
ew2718
w1414

f3m1732
(The symbol = is read "is approximately equal to.")




[image: image36.png]Examples of irrational numbers are 7, 2, ~/2, and /3. (The square root of any
prime mumber is an irrafional sumber.)
Approximate values for the four irrational mumbers given above are shown below,
w3142
ew2718
w1414

f3m1732
(The symbol = is read "is approximately equal to.")




[image: image37.png]Examples of irrational numbers are 7, 2, ~/2, and /3. (The square root of any
prime mumber is an irrafional sumber.)
Approximate values for the four irrational mumbers given above are shown below,
w3142
ew2718
w1414

f3m1732
(The symbol = is read "is approximately equal to.")




Real Numbers: 

[image: image38.png]A real number is a number that is either rational or irrational (but not both). Every
real number can be written as cither a terminating decimal, a repeating decimal,

or a nonterminating, nontepeating decimal




[image: image39.png]4 real number xis positive if it is greater than 0. Thisis written as x> 0. Areal number
vis negativeifitisless than 0. This is written as y <0. The real mumber 0 is neither

negative nor positive.




Example: 

[image: image40.png]Circle all of the words that can be used to describe the each of the numbers below.

@ 26 (b) 20
Even, Odd, Positive, Negative, Prime, Composite,
Natural, Whole, Integer, Rational, Irrational, Real




Solution: 

[image: image41.png](&) 26 is anatural number since it belongs to the set {1, 2,3,..}
Thus, 26 is also a whole number, an integer, a rafional number, and a real number.

Since 26 is a natural number greater than 1 and the factors of 26 are 1, 2, 13, and

26, we see that 26 is a composite number.
Since 26 >0, we see that 26 is posifive.

The integer 26 is even since it belongs in the set {..., 4,-2,0,2,4,6,..}

The results are circled below,





[image: image42.png](&) 26 is anatural number since it belongs to the set {1, 2,3,..}
Thus, 26 is also a whole number, an integer, a rafional number, and a real number.

Since 26 is a natural number greater than 1 and the factors of 26 are 1, 2, 13, and

26, we see that 26 is a composite number.
Since 26 >0, we see that 26 is posifive.

The integer 26 is even since it belongs in the set {..., 4,-2,0,2,4,6,..}

The results are circled below,
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[image: image44.png](b) Since 29 is aprime number, we see that +/29 is anirrational number. Thus, \f29 is

also a real number.

Note that a real mumber is either rational or irrational but not both.

Since f29 > 25 = 5> 0, we see that /23 is positive.

The results are circled below:





[image: image45.png](b) Since 29 is aprime number, we see that +/29 is anirrational number. Thus, \f29 is

also a real number.

Note that a real mumber is either rational or irrational but not both.

Since f29 > 25 = 5> 0, we see that /23 is positive.

The results are circled below:





[image: image46.png]Even, Odd,
Prime, Composite, Maural,
Whole, Integer, Rafiondl,

Negative,





Additional Example 1: 

[image: image47.png]State whether each of the following numbers is prime, composite, or neither. If
composite, then list all the factors of the number.

@ 29

®) 42

© -14




Solution: 

[image: image48.png]The set of natural numbers s {1,2,3,4, . }. Prime numbers and composite
numbers must be natural numbers. & namral number is primeifit is greater than

1 and its only factors are itself and 1. Otherwise, the natural number is composite.




[image: image49.png](2) 29is anatural number since it belongs to the set {1, 2,3,4,..}. The only

factors of 29 areitselfand 1. Therefore, 29 is a prime number.





[image: image50.png](2) 29is anatural number since it belongs to the set {1, 2,3,4,..}. The only

factors of 29 areitselfand 1. Therefore, 29 is a prime number.




[image: image51.png](b) 4215 anatural number since it belongs to the set {1,2,3,4,.. }. Note that
42=142=221=67=14-3. Thus, the factors of 42 are 1, 2,3,6,7, 14,21,

and 42. Therefore, 42 is a composite number.





[image: image52.png](b) 4215 anatural number since it belongs to the set {1,2,3,4,.. }. Note that
42=142=221=67=14-3. Thus, the factors of 42 are 1, 2,3,6,7, 14,21,

and 42. Therefore, 42 is a composite number.




[image: image53.png](c) Prime numbers and composite numbers must belong to the set of natural
numbers. ~14is anot a natural number since it does not belong fo the set

{1,2,3,4, ). Therefore, — 14 is neither prime nor composite





[image: image54.png](c) Prime numbers and composite numbers must belong to the set of natural
numbers. ~14is anot a natural number since it does not belong fo the set

{1,2,3,4, ). Therefore, — 14 is neither prime nor composite




Additional Example 2: 

[image: image55.png]Circle all of the words that can be used to describe each of the numbers below.
@10 @ -13

Even, Odd, Positive, Negative, Prime, Composite,

Natural, Whele, Integer, Rational, Irrational, Real




Solution: 

[image: image56.png]We wall use the diagram and the definitions given below:




[image: image57.png]The diagram below illustrates how the natural numbers, whole numbers, integers, rational

mumbers, and irrati onal numbers form the set ofreal numbers.
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Natural Numbers: 


[image: image59.png]The set of natural numbersis {1,2,3,4,..}






Whole Numbers: 


[image: image60.png]The set of wholenumbersis {0,1,2,3,..}






Integers: 


[image: image61.png]The set of integers is {

3,-2,-1,0,1,2,3.}







Prime/Composite Numbers: 


[image: image62.png]A natural number 15 prime 1f 1t 15 greater than 1 and its only factors are itself

and 1; otherwise, it is composite.






Positive/Negative Numbers: 



[image: image63.png]4 real number xis positive if it is greater than 0. Thisis written as x> 0. Areal number
vis negativeifitisless than 0. This is written as y <0. The real mumber 0 is neither

negative nor positive.






Even/Odd Numbers: 


[image: image64.png]The integers can be qualified as even or odd:

(... 6.-4,-2,0,2,4,6,..} is the set of even integers; even integers are
divisible by 2.

(.= 5.~3,~1,1,3,5,..) is the set of odd integers, odd integers are not
divisible by 2.






Rational Numbers: 



[image: image65.png]A number that can be written in the form p /g, where p and g # 0 are integers,

is a rational number.




[image: image66.png](a) 10is anatural number since it belongs to the set {1, 2,3,...}

From the diagram shown above, we see that 10 is also a whole number, an

integer, arational number, and arcal number,

Since 10 is a natural number greater than 1 and the factors of 10 are 1,2, 5, and

10, we see that 101s a composite number.
Since 10> 0, we see that 10 is positive.
The integer 10is cven since it belongs in the set {...,~6,~4,~2,0,2,4,6,..}

The results are circled below,





[image: image67.png](a) 10is anatural number since it belongs to the set {1, 2,3,...}

From the diagram shown above, we see that 10 is also a whole number, an

integer, arational number, and arcal number,

Since 10 is a natural number greater than 1 and the factors of 10 are 1,2, 5, and

10, we see that 101s a composite number.
Since 10> 0, we see that 10 is positive.
The integer 10is cven since it belongs in the set {...,~6,~4,~2,0,2,4,6,..}

The results are circled below,
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[image: image69.png](b) ~13is an integer since it belongs to the set {...,~3,-2,-1,0,1,2,3,..}

From the diagram shown above, ~13 is also a rational number and a real number.
Mote that 13 does not belong to the following sets of numbers

{0,1,2,3,.)  (whole numbers)

{1,2,3,..) (natural numbers)
Since =13 <0, we see that 13 s negative

The integer —13is odd since it belongs in the set {...,~5,-3,-11,3,5,...}

The results are circled below:





[image: image70.png](b) ~13is an integer since it belongs to the set {...,~3,-2,-1,0,1,2,3,..}

From the diagram shown above, ~13 is also a rational number and a real number.
Mote that 13 does not belong to the following sets of numbers

{0,1,2,3,.)  (whole numbers)

{1,2,3,..) (natural numbers)
Since =13 <0, we see that 13 s negative

The integer —13is odd since it belongs in the set {...,~5,-3,-11,3,5,...}

The results are circled below:





[image: image71.png](b) ~13is an integer since it belongs to the set {...,~3,-2,-1,0,1,2,3,..}

From the diagram shown above, ~13 is also a rational number and a real number.
Mote that 13 does not belong to the following sets of numbers

{0,1,2,3,.)  (whole numbers)

{1,2,3,..) (natural numbers)
Since =13 <0, we see that 13 s negative

The integer —13is odd since it belongs in the set {...,~5,-3,-11,3,5,...}

The results are circled below:





[image: image72.png]Even, Posmve,
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Additional Example 3: 

[image: image73.png]Circle all of the words that can be used to describe each of the numbers below.
3
@z ®F

Even, Odd, Positive, Negative, Prime, Composite,
Natural, Whole, Integer, Rational, Irrati onal, Real




Solution: 

[image: image74.png]We wall use the diagram and the definitions given below:




[image: image75.png]The diagram below illustrates how the natural numbers, whole numbers, integers, rational

mumbers, and irrati onal numbers form the set ofreal numbers.
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Natural Numbers: 


[image: image77.png]The set of natural numbersis {1,2,3,4,..}






Whole Numbers: 


[image: image78.png]The set of wholenumbersis {0,1,2,3,..}






Integers: 


[image: image79.png]The set of integers is {

3,-2,-1,0,1,2,3.}







Prime/Composite Numbers: 


[image: image80.png]A natural number 15 prime 1f 1t 15 greater than 1 and its only factors are itself

and 1; otherwise, it is composite.






Positive/Negative Numbers: 



[image: image81.png]4 real number xis positive if it is greater than 0. Thisis written as x> 0. Areal number
vis negativeifitisless than 0. This is written as y <0. The real mumber 0 is neither

negative nor positive.






Even/Odd Numbers: 


[image: image82.png]The integers can be qualified as even or odd:

(... 6.-4,-2,0,2,4,6,..} is the set of even integers; even integers are
divisible by 2.

(.= 5.~3,~1,1,3,5,..) is the set of odd integers, odd integers are not
divisible by 2.






Rational Numbers: 



[image: image83.png]A number that can be written in the form p /g, where p and g # 0 are integers,

is a rational number.




[image: image84.png]3
(@ Since 3 and 8 are integers, we see that 2 is arational number

Mote that % does not belong to the Following sefs of numbers
{m3-2-10,1,2,3,.} (integers)
{0,1,2,3,.)  (whole numbers)
{1,2,3,..) (natural numbers)

From the diagram shown above, we see that g is also areal number.

Since g >0, we see that g is positive.

The results are circled below,





[image: image85.png]3
(@ Since 3 and 8 are integers, we see that 2 is arational number

Mote that % does not belong to the Following sefs of numbers
{m3-2-10,1,2,3,.} (integers)
{0,1,2,3,.)  (whole numbers)
{1,2,3,..) (natural numbers)

From the diagram shown above, we see that g is also areal number.

Since g >0, we see that g is positive.

The results are circled below,





[image: image86.png]3
(@ Since 3 and 8 are integers, we see that 2 is arational number

Mote that % does not belong to the Following sefs of numbers
{m3-2-10,1,2,3,.} (integers)
{0,1,2,3,.)  (whole numbers)
{1,2,3,..) (natural numbers)

From the diagram shown above, we see that g is also areal number.

Since g >0, we see that g is positive.

The results are circled below,
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[image: image88.png](b) 1 m is a prime number, then ~/m is an irrational number. Since 7 is a prime

mimber, we see that /7 is an irrational number.

From the diagram shown above, we see that ~/7 is also a real number.

Note that a real mumber is either rational or irrational but not both

Since f7 > &

20, we ses that /7 s positive,

The results are circled below:





[image: image89.png](b) 1 m is a prime number, then ~/m is an irrational number. Since 7 is a prime

mimber, we see that /7 is an irrational number.

From the diagram shown above, we see that ~/7 is also a real number.

Note that a real mumber is either rational or irrational but not both

Since f7 > &

20, we ses that /7 s positive,

The results are circled below:
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Additional Example 4: 

[image: image91.png]Which elements of {—10 2,-8, 0,%,1§,Jﬁ, 23,25

belong to the categories

listed below?

(a) Matural, () Prime, (c) Composite, (d) Whole, (¢) Integer, (F) Even, (g) Odd,
(h) Rational, () Trational, (j) Real, (k) Positive, (1) Negative




Solution: 

[image: image92.png]() Identi fy the elements in the given set that are natural numbers.





[image: image93.png]235 anatural number since it belongs to the set {1,2,3,...}




[image: image94.png](bfc) Decide which natural numbers are prime and which are composite.





[image: image95.png]2315 aprime number since 115 a natural number greater than 1 and its only

factors are itself and 1. There are no composite numbers in the given set




[image: image96.png](d) Ident: fy the elements in the given set that are whole numbers.





[image: image97.png]0 and 23 are whole numbers since they belong to the set {0,1,2,3,..}




[image: image98.png](e) Identi fy the elements in the given set that are integers.





[image: image99.png]~8,0, and 23 are integers since they belong to the set {...,—3,-2

101,23}





[image: image100.png]() Decide which integers are even and which are odd.





[image: image101.png]The integers —8 and 0 are even since they belong to the set
(= 6,-4,-2,0,2,4,6,..)

The integer ~13is odd since it belongs to the set
(-5-3-1135.}





[image: image102.png](h) Identify the elements in the given set that are rational numbers.

Recall that a number that can be written in the form p/g, where p and

g 0 are integers, is a rational number.

All terminating and all repeating decimals are rafional numbers since they

can be expressed as the ratio of two integers





[image: image103.png](h) Identify the elements in the given set that are rational numbers.

Recall that a number that can be written in the form p/g, where p and

g 0 are integers, is a rational number.

All terminating and all repeating decimals are rafional numbers since they

can be expressed as the ratio of two integers





[image: image104.png]~102,-8,0,7 175, 23,251
8 8

are rational mumbers;

~10.2 (terminating decimal)
02 102_-102

0100 10

1.23 (repeating decimal)
122
99

25% (mized number)

2120
8





[image: image105.png]~102,-8,0,7 175, 23,251
8 8

are rational mumbers;

~10.2 (terminating decimal)
02 102_-102

0100 10

1.23 (repeating decimal)
122
99

25% (mized number)

2120
8





[image: image106.png]~102,-8,0,7 175, 23,251
8 8

are rational mumbers;

~10.2 (terminating decimal)
02 102_-102

0100 10

1.23 (repeating decimal)
122
99

25% (mized number)

2120
8





[image: image107.png]~102,-8,0,7 175, 23,251
8 8

are rational mumbers;

~10.2 (terminating decimal)
02 102_-102

0100 10

1.23 (repeating decimal)
122
99

25% (mized number)

2120
8





[image: image108.png]~102,-8,0,7 175, 23,251
8 8

are rational mumbers;

~10.2 (terminating decimal)
02 102_-102

0100 10

1.23 (repeating decimal)
122
99
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[image: image110.png](1) Identify the elements in the given set that are irrational numbers.





[image: image111.png]V17 is imational ~since the square root of a prime number is irrational. Tts

decimal representation is nonterminating, nonrepeating,




[image: image112.png](j) Identify the elements in the given set that are real numbers. Use the diagram
below.





[image: image113.png](j) Identify the elements in the given set that are real numbers. Use the diagram
below.





[image: image114.png]Inational Nunbes

Fationl Hunbess

Integess

Whals
Husbess

Haturl
Husber

Real Numbers






[image: image115.png]From the diagram shown above, all of the numbers —10.2, -8, 0%, 123,

17,23, and 25% are real numbers




[image: image116.png](/1) Identify the elements in the given set that are negative (less than 0) and
identify those clements that are positive (greater than 0). Recall that 0is

neither negative nor positive.





[image: image117.png](/1) Identify the elements in the given set that are negative (less than 0) and
identify those clements that are positive (greater than 0). Recall that 0is

neither negative nor positive.





[image: image118.png]Those elements that are less than 0 and consequently negative are
~10.2 and -8

Those elements that are greater than 0 and consequently posifive are

;1273,ﬁ, 23, and 25%




Order on a Number Line 

The Real Number Line: 

[image: image119.png]We can graph real numbers on anumber line. For each real number, there
corresponds exacly one point on the line. Also, for each point on the line
there corresponds exactly exactly one real number. This number is called the
coordinate of the point. The point on the real number line whose coordinate is

0is called the origin.




[image: image120.png]



[image: image121.png]Potnts to the right of the origin have positive coordinates. Points to the left

of the origin have negative coordinates,




Example: 

[image: image122.png]Graph the following numbers on the number line:
-1 5,—%,0,‘/5,2
(Hint Use the approximation: ~/2 ss1.413




Solution: 

[image: image123.png]



Inequality Symbols: 

[image: image124.png]If areal number x1s less than areal number y, then we write x <. The inequality symbol < isread

“is less than" On a number line the graph of  is to the Ieft of the graph of .




[image: image125.png]~$

Rl

x<y

o1




[image: image126.png]The coordinates of points increase as we move left to right on the number line.




[image: image127.png]3 3

direction of increase





The following table describes additional inequality symbols. 

[image: image128.png]Meaning
> |is greater than 0>—4, 73 f3>42

> -
2| areater anorequalto | 5 - 2215, o

< | is less than or equal to 5
Fe2, —125-2, 5246
N S s





Example: 

[image: image129.png]or > inthe

For each pair of real numbers, place one of the symbols <,
blank provided.





[image: image130.png]or > inthe

For each pair of real numbers, place one of the symbols <,
blank provided.





Solution: 

[image: image131.png]7
Express - & amized mumber. -

2

1 1 1
Express - and — as decimals: —=02 and
5 6 5

Compare squateroots: ~/5 > 4 = 2

Express % asadecimal 2:2 =25

1
7




[image: image132.png]7
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[image: image133.png]7
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[image: image134.png]7
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Example: 

[image: image135.png]Find all natural numbers less than +/35.




Solution: 

[image: image136.png]Mote that 5=~/25 <+/35 and 435 <36 =6. Thus, /35 is between 5 and 6.
Thus, the natural mimbers that are less than +/35 are those natural numbers that

arelessthan 6 1,2,3,4,5




Example: 

[image: image137.png]Find all even integers between —2.75 and 9.8




Solution: 

[image: image138.png]The integers between —2.75 and 9.8 must be greater than — 275 and less than
9.8. Theyare —2,-10,1,2,3,4,5,6,7.8and 9.




Additional Example 1: 

[image: image139.png]List the prime numbers between 30 and 40.




Solution: 

[image: image140.png]A prime number is a natural number greater than 1 whose only factors are itself
and 1

The set of natural numbers is {1, 2,3,4, .. }. The natural numbers between 30 and
40 are greater than 30 and less than 40

31, 32,33, 34, 35, 36, 37, 38, 39




[image: image141.png]A prime number is a natural number greater than 1 whose only factors are itself
and 1

The set of natural numbers is {1, 2,3,4, .. }. The natural numbers between 30 and
40 are greater than 30 and less than 40

31, 32,33, 34, 35, 36, 37, 38, 39




[image: image142.png]A prime number is a natural number greater than 1 whose only factors are itself
and 1

The set of natural numbers is {1, 2,3,4, .. }. The natural numbers between 30 and
40 are greater than 30 and less than 40

31, 32,33, 34, 35, 36, 37, 38, 39




[image: image143.png]Omit the even natural numbers between 30 and 40. They are not prime since,

they each have a factor of 2

31, 3, 33, 34, 35, 36, 37, 36, 39




[image: image144.png]Find the factors of the odd natural numbers between 30 and 40.

Facty

1, 31
1,3 11, 33
1,5 7,35

1,37

1,3, 13, 39





[image: image145.png]Find the factors of the odd natural numbers between 30 and 40.

Facty

1, 31
1,3 11, 33
1,5 7,35

1,37

1,3, 13, 39





[image: image146.png]Using the results in the table we see that the prime numbers between 30 and 40
are 31 and 37.




[image: image147.png]The numbers 32, 33, 34, 35, 36, 38, and 39 are composite numbers.




Additional Example 2: 

[image: image148.png]List the composite numbers between 12 and 5 and list all the factors of these
numbers, (Hint: Use the approximation: 77~ 3.14)




Solution: 

[image: image149.png]The given numbers are irrational
Note that 3=+/3 <2 and 2 <16 =4. Thus, A2 is between 3 and 4.

57 means 5. From the given hint, 57 =157




[image: image150.png]List the natural numbers between ~/12 and 57. They must be greater than /12
and less than 5.

The natural mumbers between V12 and 57 are 4,5,6,7,8,9,10,11,12,13, 14,
and 15.




[image: image151.png]Omit the prime numbers from the list: 4, %, 6, %,8,9,10, ¥, 12, 3, 14,15




[image: image152.png]The remaining numbers in the list are composite numbers. Each of these natural

numbers has factors other than itself and 1

The composite numbers between 12 and 57 are 4,6,9,9,10,12, 14, and 15.




[image: image153.png]‘The factors are shown in the table below.

omposite  Factors
Numbe





Additional Example 3: 

[image: image154.png]List the composite numbers between 12 and 5 and list all the factors of these
numbers, (Hint: Use the approximation: 77~ 3.14)




Solution: 

[image: image155.png]The given numbers are irrational
Note that 3=+/3 <2 and 2 <16 =4. Thus, A2 is between 3 and 4.

57 means 5. From the given hint, 57 =157




[image: image156.png]List the natural numbers between ~/12 and 57. They must be greater than /12
and less than 5.

The natural mumbers between V12 and 57 are 4,5,6,7,8,9,10,11,12,13, 14,
and 15.




[image: image157.png]Omit the prime numbers from the list: 4, %, 6, %,8,9,10, ¥, 12, 3, 14,15




[image: image158.png]The remaining numbers in the list are composite numbers. Each of these natural

numbers has factors other than itself and 1

The composite numbers between 12 and 57 are 4,6,9,9,10,12, 14, and 15.




[image: image159.png]‘The factors are shown in the table below.

omposite  Factors
Numbe





Additional Example 4: 

[image: image160.png]Fill in the appropriate symbol from the set {< >, =]

@ T 11
®) -3 -6

1 1
© -3 7
& 632 &

10




Solution: 

[image: image161.png](a) Note that 11 <16 =4. Thus, 11 < 11




[image: image162.png](b) Notethat \36 =6. Thus, —f36 = —6 since —\36 =136 =





[image: image163.png](e) Represent —% and —% as decimals. Since both numbers are rafional, the

decimals will cither be terminating o repeating,






[image: image164.png](e) Represent —% and —% as decimals. Since both numbers are rafional, the

decimals will cither be terminating o repeating,






[image: image165.png](e) Represent —% and —% as decimals. Since both numbers are rafional, the

decimals will cither be terminating o repeating,





[image: image166.png](d) Representing % as a decimal, we see that %

Thus 632 > O
10





[image: image167.png](d) Representing % as a decimal, we see that %

Thus 632 > O
10




State whether each of the following numbers is prime, composite, or neither. If composite, then list all the factors of the number.

1. (a)
8


(b)
5


(c)
1




(d)

[image: image168.wmf]7

-




(e)
12

2. (a)
11


(b)

[image: image169.wmf]6

-




(c)
15




(d)
0


(e)

[image: image170.wmf]2

-


Answer the following.

3. In (a)-(e), use long division to change the following fractions to decimals.  


(a)

[image: image171.wmf]1

9




(b)

[image: image172.wmf]2

9




(c)

[image: image173.wmf]3

9



(d)

[image: image174.wmf]4

9




(e)

[image: image175.wmf]5

9



Note: 
[image: image176.wmf]3

1

93

=


Notice the pattern above and use it as a shortcut in (f)-(m) to write the following fractions as decimals without performing long division.



(f)

[image: image177.wmf]6

9




(g)

[image: image178.wmf]7

9




(h)

[image: image179.wmf]8

9



(i)

[image: image180.wmf]9

9




(j)

[image: image181.wmf]10

9




(k)

[image: image182.wmf]14

9



(l)

[image: image183.wmf]25

9




(m)

[image: image184.wmf]29

9



Note:  
[image: image185.wmf]6

2

93

=


4. Use the patterns from the problem above to change each of the following decimals to either a proper fraction or a mixed number.


(a)

[image: image186.wmf]0.4




(b)

[image: image187.wmf]0.7




(c)

[image: image188.wmf]2.3



(d)

[image: image189.wmf]1.2




(e)

[image: image190.wmf]4.5




(f)

[image: image191.wmf]7.6


State whether each of the following numbers is rational or irrational. If rational, then write the number as a ratio of two integers. (If the number is already written as a ratio of two integers, simply rewrite the number.)

5. (a)
0.7


(b)

[image: image192.wmf]5




(c)

[image: image193.wmf]3

7





(d)

[image: image194.wmf]5

-




(e)

[image: image195.wmf]16



(f)

[image: image196.wmf]0.3



(g)
12


(h)

[image: image197.wmf]2.3

3.5



(i)

[image: image198.wmf]e




(j)

[image: image199.wmf]4

-



(k)

[image: image200.wmf]0.04004000400004...


6. 
(a)

[image: image201.wmf]p



(b)

[image: image202.wmf]0.6




(c)

[image: image203.wmf]8






(d)

[image: image204.wmf]1.3

4.7



(e)

[image: image205.wmf]4

5

-




(f)

[image: image206.wmf]9

-



(g)
3.1


(h)

[image: image207.wmf]10

-



(i)
0


(j)

[image: image208.wmf]7

9




(k)
0.03003000300003…

Circle all of the words that can be used to describe each of the numbers below.

7. 
[image: image209.wmf]9

-



Even


Odd


Positive

Negative


Prime

Composite

Natural

Whole

Integer

Rational

Irrational

Real


Undefined



8. 
[image: image210.wmf]0.7



Even


Odd


Positive

Negative


Prime

Composite

Natural

Whole

Integer

Rational

Irrational

Real


Undefined


9. 
[image: image211.wmf]2



Even


Odd


Positive

Negative


Prime

Composite

Natural

Whole

Integer

Rational

Irrational

Real


Undefined



10. 
[image: image212.wmf]4

7

-



Even


Odd


Positive

Negative


Prime

Composite

Natural

Whole

Integer

Rational

Irrational

Real


Undefined



Answer the following.

11. Which elements of the set


[image: image213.wmf]{

}

15

4

8,2.1,0.4,0,7,,,5,12

p

---

 belong to each category listed below?

(a)
Even


(b)
Odd


(c)
Positive


(d)
Negative


(e)
Prime


(f)
Composite


(g)
Natural


(h)
Whole


(i)
Integer


(j)
Real


(k)
Rational


(l)
Irrational


(m)
Undefined

12. 
Which elements of the set 
[image: image214.wmf]{

}

3

2

45

6.25,4,3,5,1,,1,2,10

-----

 belong to each category listed below?

(a)
Even


(b)
Odd


(c)
Positive


(d)
Negative


(e)
Prime


(f)
Composite


(g)
Natural


(h)
Whole


(i)
Integer


(j)
Real


(k)
Rational


(l)
Irrational


(m)
Undefined

Fill in each of the following tables.  Use “Y” for yes if the row name applies to the number or “N” for no if it does not.

	
	
[image: image215.wmf]25

0


	
[image: image216.wmf]1


	
[image: image217.wmf]3

5

10


	 (55
	
[image: image218.wmf]13.3



	Undefined
	
	
	
	
	

	Natural
	
	
	
	
	

	Whole
	
	
	
	
	

	Integer
	
	
	
	
	

	Rational
	
	
	
	
	

	Irrational
	
	
	
	
	

	Prime
	
	
	
	
	

	Composite
	
	
	
	
	

	Real
	
	
	
	
	


	
	2.36
	
[image: image219.wmf]0

0

5

=


	
[image: image220.wmf]2

2


	
[image: image221.wmf]2

7


	
[image: image222.wmf]93

=



	Undefined
	
	
	
	
	

	Natural
	
	
	
	
	

	Whole
	
	
	
	
	

	Integer
	
	
	
	
	

	Rational
	
	
	
	
	

	Irrational
	
	
	
	
	

	Prime
	
	
	
	
	

	Composite
	
	
	
	
	

	Real
	
	
	
	
	


Answer the following. If no such number exists, state “Does not exist.”

13. Find a number that is both prime and even.
14. Find a rational number that is a composite number.
15. Find a rational number that is not a whole number.
16. Find a prime number that is negative.
17. 
Find a real number that is not a rational number.
18. Find a whole number that is not a natural number.
19. Find a negative integer that is not a rational number.
20. Find an integer that is not a whole number.
21. Find a prime number that is an irrational number.
22. Find a number that is both irrational and odd.
Answer True or False. If False, justify your answer.j

23. All natural numbers are integers.
24. No negative numbers are odd.
25. No irrational numbers are even.
26. Every even number is a composite number.
27. All whole numbers are natural numbers.
28. Zero is neither even nor odd.
29. All whole numbers are integers.
30. All integers are rational numbers.
31. All nonterminating decimals are irrational numbers.
32. Every terminating decimal is a rational number.
Answer the following.

33. List the prime numbers less than 10.
34. List the prime numbers between 20 and 30.
35. List the composite numbers between 7 and 19.
36. List the composite numbers between 31 and 41.
37. List the even numbers between 
[image: image223.wmf]13

 and 
[image: image224.wmf]97

.
38. List the odd numbers between 
[image: image225.wmf]29

 and 
[image: image226.wmf]123

.

Fill in the appropriate symbol from the set 
[image: image227.wmf]{

}

,,

<>=

.

39. 
[image: image228.wmf]7


​​______

[image: image229.wmf]7


40.    3
​​______

[image: image230.wmf]3


41. 
[image: image231.wmf]7

-

​​______

[image: image232.wmf]7

-


42.   
[image: image233.wmf]3

-

​​______

[image: image234.wmf]3

-


43. 
[image: image235.wmf]81

______
 9
44. 
[image: image236.wmf]5

-


______

[image: image237.wmf]25

-


45. 5.32
______
[image: image238.wmf]53

10


46. 
[image: image239.wmf]7

100

______

[image: image240.wmf]0.07


47. 
[image: image241.wmf]1

3


______

[image: image242.wmf]1

4


48. 
[image: image243.wmf]1

6


______

[image: image244.wmf]1

5


49. 
[image: image245.wmf]1

3

-


______

[image: image246.wmf]1

4

-


50. 
[image: image247.wmf]1

6

-


______

[image: image248.wmf]1

5

-


51. 
[image: image249.wmf]15

______
 4
52.    7
______

[image: image250.wmf]49


53. 
[image: image251.wmf]3

-


______

[image: image252.wmf]9

-


54. 
[image: image253.wmf]29

______
5

Answer the following.

55. Find the additive inverse of the following numbers. If undefined, write “undefined.”

(a)
3

(b)

[image: image254.wmf]4

-



(c)
1




(d)

[image: image255.wmf]2

3

-



(e)

[image: image256.wmf]3

7

2


56. 
Find the multiplicative inverse of the following numbers. If undefined, write “undefined.”

(a)
3

(b)

[image: image257.wmf]4

-



(c)
1




(d)

[image: image258.wmf]2

3

-



(e)

[image: image259.wmf]3

7

2


57. Find the multiplicative inverse of the following numbers. If undefined, write “undefined.”


(a)

[image: image260.wmf]2

-



(b)

[image: image261.wmf]5

9



(c)

[image: image262.wmf]0






(d)

[image: image263.wmf]3

5

1



(e)

[image: image264.wmf]1

-


58. Find the additive inverse of the following numbers. If undefined, write “undefined.”


(a)

[image: image265.wmf]2

-



(b)

[image: image266.wmf]5

9



(c)

[image: image267.wmf]0






(d)

[image: image268.wmf]3

5

1



(e)

[image: image269.wmf]1

-


59. Place the correct number in each of the following blanks:

(a)
The sum of a number and its additive inverse is _____. (Fill in the correct number.)


(b)
The product of a number and its multiplicative inverse is _____. (Fill in the correct number.)

60. Another name for the multiplicative inverse is the ____________________.
Order the numbers in each set from least to greatest and plot them on a number line. 

(Hint:  Use the approximations 
[image: image270.wmf]21.41

»

  and 
[image: image271.wmf]31.73

»

.)

61. 
[image: image272.wmf]09

1,2,0.4,,,0.49

54
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---
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62. 
[image: image273.wmf]2

3,1,0.65,,1.5,0.64

3

ìü

--

íý
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Section 1.2:  Integers

· Operations with Integers



Operations with Integers 

Absolute Value: 

[image: image274.png]The numbers — 2 and 2 are graphed on the number line below. Note that both
of these numbers are at a distance of 2 units from 0, but their graphs are on opposite

sides of the origin. The numbers are additive inverses of each other




[image: image275.png]2uits 2uits





[image: image276.png]The absolute value of a real numberis its distance from 0 on the number line.

To indicate the absolute value of a real number x, we use the notation




[image: image277.png]For the numbers — 2 and 2, we have |-2|





[image: image278.png]The absolute value of any real number x will never be negative by the following

definition





[image: image279.png]In this section we examine the rules for addition, subtraction, multiplication, and

division of integers. Recall that the set of integers is





Addition of Integers: 

[image: image280.png]To find the sum of two integers, use the following rules:

(1) I the two integers have like signs, add their absolute values and keep the
common sign.

(2) T the two integers have unlike signs, subiract their absolute values (the

smaller from the larger) and keep the sign of the integer with the larger absolute
value.




[image: image281.png]To find the sum of two integers, use the following rules:

(1) I the two integers have like signs, add their absolute values and keep the
common sign.

(2) T the two integers have unlike signs, subiract their absolute values (the

smaller from the larger) and keep the sign of the integer with the larger absolute
value.





[image: image282.png]To find the sum of two integers, use the following rules:

(1) I the two integers have like signs, add their absolute values and keep the
common sign.

(2) T the two integers have unlike signs, subiract their absolute values (the

smaller from the larger) and keep the sign of the integer with the larger absolute
value.




[image: image283.png]To find the sum of two integers, use the following rules:

(1) I the two integers have like signs, add their absolute values and keep the
common sign.

(2) T the two integers have unlike signs, subiract their absolute values (the

smaller from the larger) and keep the sign of the integer with the larger absolute
value.





[image: image284.png]To find the sum of two integers, use the following rules:

(1) I the two integers have like signs, add their absolute values and keep the
common sign.

(2) T the two integers have unlike signs, subiract their absolute values (the

smaller from the larger) and keep the sign of the integer with the larger absolute
value.




Example: 

[image: image285.png]Evaluate each of the following.
@ -9+13
(b) -7+(-18)




Solution: 

[image: image286.png](a) Since the given integers, —9 and 13, have unlike signs, we subtract their

absolute values and keep the sign of the number with the larger absolute value.

Note that . 13-9=4, and13hasthe larger absolute value,

Afference of
dhsolte values

sl vales

Thus,
—9413






[image: image287.png](a) Since the given integers, —9 and 13, have unlike signs, we subtract their

absolute values and keep the sign of the number with the larger absolute value.

Note that . 13-9=4, and13hasthe larger absolute value,

Afference of
dhsolte values

sl vales

Thus,
—9413





[image: image288.png](b) Since the given integers, —7 and —18, have like signs, we add their absolute
walues and keep the commen sign. In this case, the answer is negative

and 7+18=23

s of dhsolite
Valuss

ool values






[image: image289.png](b) Since the given integers, —7 and —18, have like signs, we add their absolute
walues and keep the commen sign. In this case, the answer is negative

and 7+18=23

s of dhsolite
Valuss

ool values





Subtraction of Integers: 

[image: image290.png]To find the difference of two integers » and #, change the subtraction to an
equivalent addition by #1—2 = ne+(—x). Then follow the rules for addition.




Example: 

[image: image291.png]Evaluate: 10-23




Solution: 

[image: image292.png]First change the subtraction to an equivalent addition:
10-23=10+(-23)

Mow, use the rules for adding integers for the problem 10+ (~23).

Since the integers 10 and — 23 have unlike signs, we subtract their absolute
walues and keep the sign of the number with the larger absolute value.

3=23, 23-10=13, and —23 has the larger absolute value

Ffference of

el values el

0+(-23) =—13.




Multiplication of Integers:


[image: image293.png]To findthe product of two integers, use the following rules:

(1) I the two integers have like signs, multiply their absolute values. The answer

will be positive,

(2) T the two integers have unlike signs, multiply their absolute values and then

make the answer negafive.

For each integer vz, we have .0 = 0.




[image: image294.png]To findthe product of two integers, use the following rules:

(1) I the two integers have like signs, multiply their absolute values. The answer

will be positive,

(2) T the two integers have unlike signs, multiply their absolute values and then

make the answer negafive.

For each integer vz, we have .0 = 0.





[image: image295.png]To findthe product of two integers, use the following rules:

(1) I the two integers have like signs, multiply their absolute values. The answer

will be positive,

(2) T the two integers have unlike signs, multiply their absolute values and then

make the answer negafive.

For each integer vz, we have .0 = 0.




[image: image296.png]To findthe product of two integers, use the following rules:

(1) I the two integers have like signs, multiply their absolute values. The answer

will be positive,

(2) T the two integers have unlike signs, multiply their absolute values and then

make the answer negafive.

For each integer vz, we have .0 = 0.





[image: image297.png]To findthe product of two integers, use the following rules:

(1) I the two integers have like signs, multiply their absolute values. The answer

will be positive,

(2) T the two integers have unlike signs, multiply their absolute values and then

make the answer negafive.

For each integer vz, we have .0 = 0.




[image: image298.png]To findthe product of two integers, use the following rules:

(1) I the two integers have like signs, multiply their absolute values. The answer

will be positive,

(2) T the two integers have unlike signs, multiply their absolute values and then

make the answer negafive.

For each integer vz, we have .0 = 0.




Example: 

[image: image299.png]Evaluate each of the following,
@ 8¢-12)
(b) —9(-6)




Solution: 

[image: image300.png](a) Since the given integers, 8 and —12, have unlike signs, we multiply their

absolute values and then make the answer negative.

Wote that |3 2=12, and §12=9
S e

Thus,

8(-12) =-96.






[image: image301.png](a) Since the given integers, 8 and —12, have unlike signs, we multiply their

absolute values and then make the answer negative.

Wote that |3 2=12, and §12=9
S e

Thus,

8(-12) =-96.






[image: image302.png](a) Since the given integers, 8 and —12, have unlike signs, we multiply their

absolute values and then make the answer negative.

Wote that |3 2=12, and §12=9
S e

Thus,

8(-12) =-96.





[image: image303.png](b) Since the given integers, —9 and —6, have like signs, we multiply their

absolute values. The answer is posifive.

Note that ad  9.6=54
srodaetof
salite velues

salite vaues






[image: image304.png](b) Since the given integers, —9 and —6, have like signs, we multiply their

absolute values. The answer is posifive.

Note that ad  9.6=54
srodaetof
salite velues

salite vaues





Division of Integers: 

[image: image305.png]To findthe quotient of two integers, use the following rules:

(1) T the two integers have like signs, divide their absolute values. The answer
will be positive.

(2) T the two integers have unlike signs, divide their absclute values and then
make the answer negafive.

For each integer 20, we have = 0. Division by 015 undefined
n




[image: image306.png]To findthe quotient of two integers, use the following rules:

(1) T the two integers have like signs, divide their absolute values. The answer
will be positive.

(2) T the two integers have unlike signs, divide their absclute values and then
make the answer negafive.

For each integer 20, we have = 0. Division by 015 undefined
n





[image: image307.png]To findthe quotient of two integers, use the following rules:

(1) T the two integers have like signs, divide their absolute values. The answer
will be positive.

(2) T the two integers have unlike signs, divide their absclute values and then
make the answer negafive.

For each integer 20, we have = 0. Division by 015 undefined
n




[image: image308.png]To findthe quotient of two integers, use the following rules:

(1) T the two integers have like signs, divide their absolute values. The answer
will be positive.

(2) T the two integers have unlike signs, divide their absclute values and then
make the answer negafive.

For each integer 20, we have = 0. Division by 015 undefined
n





[image: image309.png]To findthe quotient of two integers, use the following rules:

(1) T the two integers have like signs, divide their absolute values. The answer
will be positive.

(2) T the two integers have unlike signs, divide their absclute values and then
make the answer negafive.

For each integer 20, we have = 0. Division by 015 undefined
n




[image: image310.png]To findthe quotient of two integers, use the following rules:

(1) T the two integers have like signs, divide their absolute values. The answer
will be positive.

(2) T the two integers have unlike signs, divide their absclute values and then
make the answer negafive.

For each integer 20, we have = 0. Division by 015 undefined
n




Example: 

[image: image311.png]Evaluate:




Solution: 

[image: image312.png]Since the given integers, 135 and —5, have unlike signs, we divide their absolute

walues and then make the answer negative.

Mote that [135/=135, | and ? 27
ool aes e —
T
i vahes
Thus,




[image: image313.png]Since the given integers, 135 and —5, have unlike signs, we divide their absolute

walues and then make the answer negative.

Mote that [135/=135, | and ? 27
ool aes e —
T
i vahes
Thus,




Additional Example 1: 

[image: image314.png]Evaluate each of the following,
@ 3+8

®©) 2+C7)

© =5+

(@ —6+9




Solution: 

[image: image315.png](a) Since the given integers, 3 and 8, havelike signs and both are positive, we

simply add the integers together. The answer is positive

Thus,
34






[image: image316.png](a) Since the given integers, 3 and 8, havelike signs and both are positive, we

simply add the integers together. The answer is positive

Thus,
34






[image: image317.png](a) Since the given integers, 3 and 8, havelike signs and both are positive, we

simply add the integers together. The answer is positive

Thus,
34





[image: image318.png](b) Since the given integers, 2 and -7, have unlike signs, we subtract their

absolute values and keep the sign of the number with the larger absolute value.

7-2=3
dfremce of
dasalute vaues

. and 7 has the larger absolute value,

salite viues






[image: image319.png](b) Since the given integers, 2 and -7, have unlike signs, we subtract their

absolute values and keep the sign of the number with the larger absolute value.

7-2=3
dfremce of
dasalute vaues

. and 7 has the larger absolute value,

salite viues





[image: image320.png](c) Since the given integers, —5 and —4, have like signs, we add their absolute

walues and keep the common sign. The answer is negafive.

Note that and  5+4=9
s o dbeclute
vaues

osalite vales

Thus,
—54(-4)






[image: image321.png](c) Since the given integers, —5 and —4, have like signs, we add their absolute

walues and keep the common sign. The answer is negafive.

Note that and  5+4=9
s o dbeclute
vaues

osalite vales

Thus,
—54(-4)





[image: image322.png](d) Since the given integers, —6 and 9, have unlike signs, we subtract their

absolute values and keep the sign of the number with the larger absolute value.

Note that [-6[=6, P|=9, 9-6=3 , and9 has the larger absolute value
‘@bsolute values difference of
ST,

Thus,






[image: image323.png](d) Since the given integers, —6 and 9, have unlike signs, we subtract their

absolute values and keep the sign of the number with the larger absolute value.

Note that [-6[=6, P|=9, 9-6=3 , and9 has the larger absolute value
‘@bsolute values difference of
ST,

Thus,





Additional Example 2: 

[image: image324.png]Evaluate each of the following,
@ 5-7

®) -2-6

© -5-4

(d) 0-9




Solution: 

[image: image325.png](a) First change the subtraction to an equivalent addition:
5-7=5+(-T)

Mow, use the rules for adding integers for the problem 5+(~7)

Since the integers 5 and —7 have unlike signs, we subtract their absolute

walues and keep the sign of the number with the larger absolute value

Motethat |5|=5, |-7|=7. 7-5=3 . and ~7 has the larger absolute value

Aifference of
Dooltevalues | fulence of

5+(=T






[image: image326.png](a) First change the subtraction to an equivalent addition:
5-7=5+(-T)

Mow, use the rules for adding integers for the problem 5+(~7)

Since the integers 5 and —7 have unlike signs, we subtract their absolute

walues and keep the sign of the number with the larger absolute value

Motethat |5|=5, |-7|=7. 7-5=3 . and ~7 has the larger absolute value

Aifference of
Dooltevalues | fulence of

5+(=T





[image: image327.png](b) First change the subtraction to an equivalent addition:
—2-6=-2+(-6)

Mow, use the rules for adding integers for the problem —2++(=6).

Since the integers —2and — 6 have like signs, we add their absolute

walues and keep the common sign. The answeris negative

Note that

s o abealute
vaues






[image: image328.png](b) First change the subtraction to an equivalent addition:
—2-6=-2+(-6)

Mow, use the rules for adding integers for the problem —2++(=6).

Since the integers —2and — 6 have like signs, we add their absolute

walues and keep the common sign. The answeris negative

Note that

s o abealute
vaues






[image: image329.png](b) First change the subtraction to an equivalent addition:
—2-6=-2+(-6)

Mow, use the rules for adding integers for the problem —2++(=6).

Since the integers —2and — 6 have like signs, we add their absolute

walues and keep the common sign. The answeris negative

Note that

s o abealute
vaues





[image: image330.png](c) First change the subtraction to an equivalent addition:
=5 (-) = =5 +(~(~4)
—5+4

Mow, use the rules for adding integers for the problem —5+4

Since the integers — 5 and 4 have ualike signs, we subtract their absolute

walues and keep the sign of the number with the larger absolute value,

Wote that |-5=5, |4|=4,

and — 5 has the larger absolute value,

Tl SEceof
Thus,
=5=(-4) =5 +(~(-4))

~5+4
-1





[image: image331.png](c) First change the subtraction to an equivalent addition:
=5 (-) = =5 +(~(~4)
—5+4

Mow, use the rules for adding integers for the problem —5+4

Since the integers — 5 and 4 have ualike signs, we subtract their absolute

walues and keep the sign of the number with the larger absolute value,

Wote that |-5=5, |4|=4,

and — 5 has the larger absolute value,

Tl SEceof
Thus,
=5=(-4) =5 +(~(-4))

~5+4
-1




[image: image332.png](d) Change the subtraction to an equivalent addition and add,
0-9=0+(-9)
9





Additional Example 3: 

[image: image333.png]Evaluate each of the following. If undefined, write "undefined"

@ 83
-9

® =
0

© 3

(& -7(-9)




Solution: 

[image: image334.png](a) Since the given integers, 8 and -3, have unlike signs, we multiply their

absolute values and then make the answer negative.

Wote that |3 and §3=24
b o

solute values

salite vaues

Thus,

8(-3)= 24






[image: image335.png](a) Since the given integers, 8 and -3, have unlike signs, we multiply their

absolute values and then make the answer negative.

Wote that |3 and §3=24
b o

solute values

salite vaues

Thus,

8(-3)= 24





[image: image336.png](b) Since the given integers, —9 and —3, have like signs, we divide their

absolute values. The answer is posifive.

Note that |[-9] I3 and %
e vl
2L





[image: image337.png](b) Since the given integers, —9 and —3, have like signs, we divide their

absolute values. The answer is posifive.

Note that |[-9] I3 and %
e vl
2L




[image: image338.png](©) For any integer m 0 we have <
m

Thus,

o
5





[image: image339.png](©) For any integer m 0 we have <
m

Thus,

o
5




[image: image340.png](d) Since the given integers, —7 and —9, have like signs, we multiply their
absolute values. The answer is posifive.
Mote that 9, and 7.9=63

ootz of
salite vaues st values






[image: image341.png](d) Since the given integers, —7 and —9, have like signs, we multiply their
absolute values. The answer is posifive.
Mote that 9, and 7.9=63

ootz of
salite vaues st values





Additional Example 4: 

[image: image342.png]Evaluate each of the following,
@ 732

®) 300

© -2096)

15
@ =




Solution: 

[image: image343.png](a) We work from left to right using the rules for multiplying integers.

7(-3)(-2)=-21(-2)  Find the product ofthe first two integers 7 and - 3

The resultis negative since the integers have unlike signs.

=42 Multiply the product in the frst step by the lastinteger 2.

The resultis positive since the integers have like signs.

Thus,
-3)(-2)






[image: image344.png](a) We work from left to right using the rules for multiplying integers.

7(-3)(-2)=-21(-2)  Find the product ofthe first two integers 7 and - 3

The resultis negative since the integers have unlike signs.

=42 Multiply the product in the frst step by the lastinteger 2.

The resultis positive since the integers have like signs.

Thus,
-3)(-2)






[image: image345.png](a) We work from left to right using the rules for multiplying integers.

7(-3)(-2)=-21(-2)  Find the product ofthe first two integers 7 and - 3

The resultis negative since the integers have unlike signs.

=42 Multiply the product in the frst step by the lastinteger 2.

The resultis positive since the integers have like signs.

Thus,
-3)(-2)






[image: image346.png](a) We work from left to right using the rules for multiplying integers.

7(-3)(-2)=-21(-2)  Find the product ofthe first two integers 7 and - 3

The resultis negative since the integers have unlike signs.

=42 Multiply the product in the frst step by the lastinteger 2.

The resultis positive since the integers have like signs.

Thus,
-3)(-2)





[image: image347.png](b) For any integer m, we have m 0= 0.

Thus,
3(0) =0





[image: image348.png](b) For any integer m, we have m 0= 0.

Thus,
3(0) =0




[image: image349.png](c) We work from left to right using the rules for multiplying integers.

—2(5)(6) =

10(6)  Find the product of the frst two integers ~2 and 5

The resultis negative since the integers have unlike signs.

Muliply the product in the first step by the lastinteger 6.

The resultis negative since the integers have unlike signs.
Thus,
—2(5(5






[image: image350.png](c) We work from left to right using the rules for multiplying integers.

—2(5)(6) =

10(6)  Find the product of the frst two integers ~2 and 5

The resultis negative since the integers have unlike signs.

Muliply the product in the first step by the lastinteger 6.

The resultis negative since the integers have unlike signs.
Thus,
—2(5(5






[image: image351.png](c) We work from left to right using the rules for multiplying integers.

—2(5)(6) =

10(6)  Find the product of the frst two integers ~2 and 5

The resultis negative since the integers have unlike signs.

Muliply the product in the first step by the lastinteger 6.

The resultis negative since the integers have unlike signs.
Thus,
—2(5(5





[image: image352.png](d) Use the rules for dividing integers. The resultis negative since the given

integers, 15 and ~5, have ualike signs






[image: image353.png](d) Use the rules for dividing integers. The resultis negative since the given

integers, 15 and ~5, have ualike signs






[image: image354.png](d) Use the rules for dividing integers. The resultis negative since the given

integers, 15 and ~5, have ualike signs





Evaluate the following.

1. (a)

[image: image355.wmf]37

+



(b)

[image: image356.wmf]3(7)

-+-


(c)

[image: image357.wmf]37

-+



(d)

[image: image358.wmf]3(7)

+-



(e)

[image: image359.wmf]30

-+


2. (a)

[image: image360.wmf]85

+



(b)

[image: image361.wmf]85

-+



(c)

[image: image362.wmf]8(5)

+-



(d)

[image: image363.wmf]8(5)

-+-


(e)

[image: image364.wmf]0(5)

+-


3. (a)

[image: image365.wmf]04

-



(b)

[image: image366.wmf]40

-



(c)

[image: image367.wmf]0(4)

--



(d)

[image: image368.wmf]40

--


4. (a)

[image: image369.wmf]60

-



(b)

[image: image370.wmf]0(6)

--



(c)

[image: image371.wmf]06

-



(d)

[image: image372.wmf]60

--


5. (a)

[image: image373.wmf]102

--



(b)

[image: image374.wmf]10(2)

---


(c)

[image: image375.wmf]102

-



(d)

[image: image376.wmf]2(10)

---


(e)

[image: image377.wmf]2(10)

--


(f)

[image: image378.wmf]210

-



(g)

[image: image379.wmf]210

--



(h)

[image: image380.wmf]10(2)

--


6. (a)

[image: image381.wmf]7(9)

---


(b)

[image: image382.wmf]79

--



(c)

[image: image383.wmf]79

-



(d)

[image: image384.wmf]9(7)

--



(e)

[image: image385.wmf]9(7)

---


(f)

[image: image386.wmf]97

-



(g)

[image: image387.wmf]7(9)

--



(f)

[image: image388.wmf]97

--


Fill in the appropriate symbol from the set 
[image: image389.wmf]{

}

,,

<>=

.

7. (a)

[image: image390.wmf]1(4)

-

​​____
0

(b)

[image: image391.wmf]7(2)

--

​​____
 0

(c)

[image: image392.wmf]5(1)(2)

--

____ 0

(d)

[image: image393.wmf]3(1)(0)

-

____ 0

8. (a)

[image: image394.wmf]3(2)

--

 ____ 0

(b)

[image: image395.wmf]7(1)

-

 ____ 0

(c)

[image: image396.wmf]5(0)(2)

--

 ____ 0
(d)

[image: image397.wmf]2(2)(2)

---

___ 0

Evaluate the following. If undefined, write “Undefined.”

9. (a)

[image: image398.wmf]6(0)



(b)

[image: image399.wmf]6

0




(c)

[image: image400.wmf]0

6

-



(d)

[image: image401.wmf]6(1)

-



(e)

[image: image402.wmf]6(1)



(f)

[image: image403.wmf]6(1)

-



(g)

[image: image404.wmf]6(1)

--



(h)

[image: image405.wmf]6

1

-

-




(i)

[image: image406.wmf]6

1

-



(j)

[image: image407.wmf]6

0

-




(k)

[image: image408.wmf]6(1)(1)

---


(l)

[image: image409.wmf]0

6


10. 
(a)

[image: image410.wmf]1(7)

-



(b)

[image: image411.wmf]7

1

-

-




(c)

[image: image412.wmf]7(1)

-



(d)

[image: image413.wmf]0(7)

-



(e)

[image: image414.wmf]1(7)

--



(f)

[image: image415.wmf]0

7

-



(g)

[image: image416.wmf]7

1

-




(h)

[image: image417.wmf]0

7




(i)

[image: image418.wmf]7

0





(j)

[image: image419.wmf]7(1)(1)

--


(k)

[image: image420.wmf]7(0)(1)

--


(l)

[image: image421.wmf]7

0

-


11. (a)

[image: image422.wmf]10(2)

--


(b)

[image: image423.wmf]10

2

-

-



(c)

[image: image424.wmf]10(2)

-



(d)

[image: image425.wmf]10

2

-




(e)

[image: image426.wmf]10

2

-



(f)

[image: image427.wmf]10

2


12. (a)

[image: image428.wmf]6

3

-




(b)

[image: image429.wmf]6(3)

-



(c)

[image: image430.wmf]6

3

-

-



(d)

[image: image431.wmf]6(3)



(e)

[image: image432.wmf]6(3)

--



(f)

[image: image433.wmf]6

3

-


13. (a)

[image: image434.wmf]2(3)(4)

--


(b)

[image: image435.wmf](2)(3)(4)

---



(c)

[image: image436.wmf]1(2)(3)(4)

----



(d)

[image: image437.wmf]1(2)(3)(4)

---


14. (a)

[image: image438.wmf]3(2)(5)

-


(b)

[image: image439.wmf]3(2)(5)

--



(c)

[image: image440.wmf]3(2)(1)(5)

---



(d)

[image: image441.wmf]3(2)(2)(5)

----


15.
(a)

[image: image442.wmf]82

-



(b)

[image: image443.wmf]8(2)

-+-


(c)

[image: image444.wmf]8(2)

--



(d)

[image: image445.wmf]8

2

-




(e)

[image: image446.wmf]8(2)

---


(f)

[image: image447.wmf](8)(0)

-


(g)

[image: image448.wmf]8(1)

--



(h)

[image: image449.wmf]81

--



(i)

[image: image450.wmf]8

1

-



(j)

[image: image451.wmf]08

-



(k)

[image: image452.wmf]2(8)

--



(l)

[image: image453.wmf]0

8

-



(m)

[image: image454.wmf]2

8

-

-




(n)

[image: image455.wmf]2

0




(o)

[image: image456.wmf]28

-+


16.
(a)

[image: image457.wmf]12

3

-




(b)

[image: image458.wmf]12(3)

--


(c)

[image: image459.wmf]123

--



(d)

[image: image460.wmf]312

-+



(e)

[image: image461.wmf]0(3)

-



(f)

[image: image462.wmf]0(3)

--



(g)

[image: image463.wmf](3)(12)

-


(h)

[image: image464.wmf]12

1

-




(i)

[image: image465.wmf]3

0

-



(j)

[image: image466.wmf]3

12

-




(k)

[image: image467.wmf]1(3)

-+-


(l)

[image: image468.wmf]1(12)

-



(m)

[image: image469.wmf]0

3

-




(n)

[image: image470.wmf]3(1)

---


(o)

[image: image471.wmf]3(1)

-





Section 1.3:  Fractions

· Greatest Common Divisor and Least Common Multiple

· Addition and Subtraction of Fractions

· Multiplication and Division of Fractions



Greatest Common Divisor and Least Common Multiple
Greatest Common Divisor: 

[image: image472.png]Consider the natural numbers 18 and 24. The table below shows the factors

of each of these numbers.




[image: image473.png]18

24

12]24





[image: image474.png]As we see from the table, there are factors that are shared by both 18 and 24. Of
these common Factors, the greatest one is 6. It is called the GCD (greatest

common divisor) of 18 and 24, the largest natural number that divides both 18
and 24,




[image: image475.png]In general, if 7 and » are natural numbers with 7 <, then the GCD of m and #
is the largest natural number that divides both both 2 and .

The GCD of 72 and # must be a natural number between and including 1and

In the example above, = 18 and » = 24. The GCD is 6, which is a natural number
between 1 and 18




A Method for Finding the GCD: 

[image: image476.png]Factor 18 into a product of prime factors.
18=29
=233

Factor 24 into a product of prime factors.
24=4.6
2.2.3





[image: image477.png]Arrange the prime factors in a table, aligning common factors in the same

columa.




[image: image478.png]



[image: image479.png]The GCD is the product of the prime factors that are shared by both numbers.




[image: image480.png]



[image: image481.png]The GCD is 2





Least Common Multiple: 

[image: image482.png]Consider the natural numbers 18 and 24. The table below shows a partial

list of multiples of each of these numbers

The first line is obtained by 1.18=18, 2.18=36, 3.18=54, 4.18=72, and

50 on. The list can continue indefinitely in this manner




[image: image483.png]72[90 | 108 126144 162 | 180 | 198 216

96 | 120|144 168 192] 216





[image: image484.png]As we see from the table, there are multiples that are shared by both 18 and 24.
They are 72, 144, and 216. (We could continue the list to find ofher common
multiples.) OF these common multiples, the least one is 72, Ttis called the LCM
(least common multiple) of 18 and 24, the smallest natural number thatis a
multiple of both 18 and 24




[image: image485.png]In general, if 7 and » are natural numbers with 7 <, then the LCM of m and 2
is the smallest natural number that is a multiple both both 2 and

The LCM of  and » must be a natral number between and including » and vz

In the example above, 7 =18 and » = 24. The LCM is 72, which is a nawral number
between 24 and 18.24 = 432,





A Method for Finding the LCM: 

[image: image486.png]Factor both 18 and 24 into a product of primes and arrange the prime factors

in atable, aligning common factors in the same column.




[image: image487.png]There are 5 columas in the table. The LCM is the product of the 5 prime factors

that appearin these columas.




[image: image488.png]



[image: image489.png]The LCMis2.3.3.2.2=72.




Example: 

[image: image490.png]Find the GCD (greatest common divisor) and LCM (least common multiple) of
20 and 28




Solution: 

[image: image491.png]Factor 20 into a product of prime factors.
20=45
=225

Factor 28 into a product of prime factors.
28=4.7
2.7





[image: image492.png]Arrange the prime factors in a table, aligning common factors in the same

columa.




[image: image493.png]



[image: image494.png]The GCD is the product of the prime factors that are shared by both numbers.




[image: image495.png]



[image: image496.png]The GCD is 2.2 =4.




[image: image497.png]There are 4 columns in the table. The LCIM is the product of the 4 prime factors

that appear in these columns




[image: image498.png]



The LCM is 

[image: image499.png]The GCD is
2.2.5.7 =140,




Additional Example 1: 

[image: image500.png]Find the GCD (greatest common divisor) and the LCM (least common multiple)
of 24 and 30.




Solution: 

[image: image501.png]Factor 24 into a product of prime numbers.

24=4.6
2.2.3





[image: image502.png]Factor 24 into a product of prime numbers.

24=4.6
2.2.3





[image: image503.png]Factor 30 into a product of prime numbers.

30=6.5
3.5





[image: image504.png]Factor 30 into a product of prime numbers.

30=6.5
3.5





[image: image505.png]Arrange the prime factors in a table, aligning common factors in the same

columa.




[image: image506.png]



[image: image507.png]The GCD is the product of the prime factors that are shared by both numbers.




[image: image508.png]



[image: image509.png]The GCD s 2. 3= 6,




[image: image510.png]There are 5 columns in the table. The LCIM is the product of the 5 prime factors

that appear in these columns




[image: image511.png]



The LCM is 
[image: image512.wmf]22235120

××××=

.

Additional Example 2: 

[image: image513.png]Find the GCD (greatest common divisor) and the LCM (least common multiple)
of 90 and 105.




Solution: 

[image: image514.png]Factor 90 into a product of prime numbers.

90=9.10
3.2.5





[image: image515.png]Factor 90 into a product of prime numbers.

90=9.10
3.2.5





[image: image516.png]Factor 105 into a product of prime numbers.

105=5.21
3.7





[image: image517.png]Factor 105 into a product of prime numbers.

105=5.21
3.7





[image: image518.png]Arrange the prime factors in a table, aligning common factors in the same

columa.




[image: image519.png]2]3]3]5




[image: image520.png]The GCD is the product of the prime factors that are shared by both numbers.




[image: image521.png]2]3[3]5




[image: image522.png]The GCD s 3.5=15.




[image: image523.png]There are 5 columns in the table. The LCIM is the product of the 5 prime factors

that appear in these columns




[image: image524.png]2]3]3]5




The LCM is 
[image: image525.wmf]23357630

××××=

.

Additional Example 3: 

[image: image526.png]Find the GCD (greatest common divisor) and the LCM (least common multiple)
of 12, 18, and 24.




Solution: 

[image: image527.png]Factor 12 into a product of prime numbers.

12=4.3
2.3





[image: image528.png]Factor 12 into a product of prime numbers.

12=4.3
2.3





[image: image529.png]Factor 18 into a product of prime numbers.

18=2.9
=2.2.3




[image: image530.png]Factor 18 into a product of prime numbers.

18=2.9
=2.2.3




[image: image531.png]Factor 24 into a product of prime numbers.

24=4.6
2.2.3





[image: image532.png]Factor 24 into a product of prime numbers.

24=4.6
2.2.3





[image: image533.png]Arrange the prime factors in a table, aligning common factors in the same

columa.




[image: image534.png]



[image: image535.png]The GCD is the product of the prime factors that are shared by all numbers.




[image: image536.png]



[image: image537.png]The GCD s 2. 3= 6,




[image: image538.png]There are 5 columns in the table. The LCIM is the product of the 5 prime factors

that appear in these columns




[image: image539.png]



The LCM is 
[image: image540.wmf]2233272

××××=

.

Additional Example 4: 

[image: image541.png]Find the GCD (greatest common divisor) and the LCM (least common multiple)
of 18, 36, and 60.




Solution: 

[image: image542.png]Factor 18 into a product of prime numbers.

18=2.9
=2.2.3




[image: image543.png]Factor 18 into a product of prime numbers.

18=2.9
=2.2.3




[image: image544.png]Factor 36 into a product of prime numbers.

36=4.9
2.3.3





[image: image545.png]Factor 36 into a product of prime numbers.

36=4.9
2.3.3





[image: image546.png]Factor 60 into a product of prime numbers.

60=610
3.2.5





[image: image547.png]Factor 60 into a product of prime numbers.

60=610
3.2.5





[image: image548.png]Arrange the prime factors in atable, aligning common factors in the same

columa.




[image: image549.png]2[3]3]2




[image: image550.png]The GCD is the product of the prime factors that are shared by all numbers.




[image: image551.png]2[3[3]2




[image: image552.png]The GCD s 2. 3= 6,




[image: image553.png]There are 5 columns in the table. The LCIM is the product of the 5 prime factors

that appear in these columns




[image: image554.png]2[3]3]2




The LCM is 
[image: image555.wmf]23325180

××××=

.

Addition and Subtraction of Fractions

[image: image556.png]The rules for adding, subtracting, multiplying, and dividing integers that were
presented in Section 1.2 extend to all real numbers. In this section, we will use

those rules in performing the operations of addition and subtraction of fractions.




Addition and Subtraction of Fractions with Like Denominators: 

[image: image557.png]To add (or subtract) two fractions whose denominators are the same, add (or

subtract) the numerators and keep the common denominator.
If a,b, and c are real numbers and ¢ % 0, then

a+h





[image: image558.png]To add (or subtract) two fractions whose denominators are the same, add (or

subtract) the numerators and keep the common denominator.
If a,b, and c are real numbers and ¢ % 0, then

a+h








[image: image559.wmf]abab
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     and     
[image: image560.wmf]abab
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Example: 

[image: image561.png]Evaluate each of the following and give all results in simplest form.

1.5
1.5
@ 5te
35

® 573

1,5
32-42
© 3543




Solution: 

[image: image562.png](3) To add two fractions with a common denominator, begin by writing the sum
of the numerators over the common denominator.

=5 Perform the additon in the mumerator.

1
=22 Divide out common fators in mumerstor and denorminator

2

[

Simplify.





[image: image563.png](3) To add two fractions with a common denominator, begin by writing the sum
of the numerators over the common denominator.

=5 Perform the additon in the mumerator.

1
=22 Divide out common fators in mumerstor and denorminator

2

[

Simplify.




[image: image564.png](b) To subtract two fracti ons with a common denominator, begin by writing the

difference of the numerators over the common denominaor.

Rewrite the subraction in the numerator s addition

Perform the addition in the numerator.

Divide out comemen factors in numerator and denorminator.

Siompli§.






[image: image565.png](b) To subtract two fracti ons with a common denominator, begin by writing the

difference of the numerators over the common denominaor.

Rewrite the subraction in the numerator s addition

Perform the addition in the numerator.

Divide out comemen factors in numerator and denorminator.

Siompli§.





[image: image566.png](c) We begin by writing the mixed numbers as improper fractions

3
6 6

6

_19-29

6

_19+¢29)

S

Wl g

.2

6

6

Write the difference of the numerators over the common denominator.

Rewrite the subtraction in the numerator a addition.

Performn the addition in the mumerator.

Divide out commen factors in numerator and denominator.

Siompli§.





[image: image567.png](c) We begin by writing the mixed numbers as improper fractions

3
6 6

6

_19-29

6

_19+¢29)

S

Wl g

.2

6

6

Write the difference of the numerators over the common denominator.

Rewrite the subtraction in the numerator a addition.

Performn the addition in the mumerator.

Divide out commen factors in numerator and denominator.

Siompli§.




Addition and Subtraction of Fractions with Unlike Denominators: 

[image: image568.png]To add (or subtract) two fractions whose denominators are not the same, we must
rewrite each fraction so that they have a common denominator. The smallest
such denominator is called the least common denominator (LCD). The method
of finding the LCM of the denominators will produce the LCD.




Example: 

[image: image569.png]Evaluate §+% and give the resultin simplest form




Solution: 

[image: image570.png]We must rewrite the given fractions so that they have a common denominator. Find

the LCM of the denorminators 8 and 28 to find the least common denominator.




[image: image571.png]



[image: image572.png]



[image: image573.png]The least common
denominator is
2.2.2 6.





[image: image574.png]Express each fraction as an equivalent fraction with a denominator of 56.

For the first fraction, we need to multiply 8 by 7 since 8(7)=56. We also

must multiply the numerator by 7.

For the second fraction, we need to multiply 28 by 2 since 28(2)=56. We also

must multiply the numerator by 2




[image: image575.png]Perform the multiplications.

Write the sum ofthe numerators over the comemon denosminator.

Simplify.





Additional Example 1: 

[image: image576.png]Evaluate each of the following and write all answers in simplest form.

o3
2 8
® g-3




Solution: 

[image: image577.png](@) To add two fractions with a common denominator, begin by writing the sum

of the numerators over the common denominator.





[image: image578.png](@) To add two fractions with a common denominator, begin by writing the sum

of the numerators over the common denominator.





[image: image579.png]Az
f

1

3

Perform the additon in the mmerator.

Divide out commen factors in numerator and denominator.

Simplify.




[image: image580.png](b) To subtract two fractions with a common denominator, begin by writing the

difference of the numerators over the comm on denominaor.





[image: image581.png](b) To subtract two fractions with a common denominator, begin by writing the

difference of the numerators over the comm on denominaor.





[image: image582.png]Rewrite the subraction in the numerator as addition

Perform the addition in the numerator.

Divide out comemen factors in numerator and denorminator.

Siompli§.





Additional Example 2: 

[image: image583.png]Evaluate each of the following and write all answers in simplest form.

@3





Solution: 

[image: image584.png](a) We begin by writing the mixed numbers as improper fractions.





[image: image585.png]1

1_ 41 4
2

21
41-49

12

_ 41449

12

Write the difference of the numerators over the common denominator.
Reswrite the subtraction in the numerator as addition.

Performn the addition in the mumerator.

Divide out commen factors in numerator and denominator.

Simpli 5.




[image: image586.png](b) Webeginby writing the mixed numbers as improper fractions.





[image: image587.png]Write the sum ofthe numerators over the comemon denosminator.

Perform the addition in the numerator.

Divide out commen factors in numerator and denorminator.

Simplify.

Wirite the result as amixed number.




Additional Example 3: 

[image: image588.png]Evaluate each of the following and write all answers in simplest form.
3 4
3,4
10 15
nn
14 21

@

®)




Solution: 

[image: image589.png](a) We must rewrite the given fractions so that they have a common denominator.
Find the LCM of the denominators 10 and 15 to find the least common denominator,





[image: image590.png](a) We must rewrite the given fractions so that they have a common denominator.
Find the LCM of the denominators 10 and 15 to find the least common denominator,





[image: image591.png]The least common
denominator is
2.5.3=30,





[image: image592.png]Express each fraction as an equivalent fraction with a denominator of 30,

For the first fraction, we need to multiply 10 by 3 since 10-3= 30. We also

must multiply the numerator by .

For the second fraction, we need to multiply 15 by 2 since 15.2= 30, We also

must multiply the numerator by 2.





[image: image593.png]3.4 33 4
2 L
0715 103 15

9.8

=—+—  Perfomn the multiplications.

30" 30

9+8

- Wit the sum of the numerators over the commen denominator

7

- Simpli
% plify.




(b)  We must rewrite the given fractions so that they have a common denominator.


Find the LCM of the denominators 14 and 21 to find the least common denominator.


[image: image594.png]14=27 and 21=37

2]7
73

The least common
denominator is
2.7.3=42





[image: image595.png]Express each fraction as an equivalent fraction with a denominator of 42,

For the first fraction, we need to multiply 14 by 3 since 14 3= 42. We also

must multiply the numerator by .

For the second fraction, we need to multiply 21 by 2 since 21.2=42. We also

must multiply the numerator by 2.





[image: image596.png]Express each fraction as an equivalent fraction with a denominator of 42,

For the first fraction, we need to multiply 14 by 3 since 14 3= 42. We also

must multiply the numerator by .

For the second fraction, we need to multiply 21 by 2 since 21.2=42. We also

must multiply the numerator by 2.





[image: image597.png]Express each fraction as an equivalent fraction with a denominator of 42,

For the first fraction, we need to multiply 14 by 3 since 14 3= 42. We also

must multiply the numerator by .

For the second fraction, we need to multiply 21 by 2 since 21.2=42. We also

must multiply the numerator by 2.





[image: image598.png]Perform the miltiplications.

Write the difference of the numerators over the comemon denominator.

Write the subtraction in the numerator as addition.

Perform the addition in the numerator.





Additional Example 4: 

[image: image599.png]Evaluate the following and write the answer in simplest form. (If the answer is

amixed numberfimproper fraction, then write the answer as a mized number)

3lesl
5 76




Solution: 

[image: image600.png]We begin by rewriting each mixed number as an improper fraction.





[image: image601.png]We begin by rewriting each mixed number as an improper fraction.





[image: image602.png]We must rewrite the given fractions so that they have a common denominator.

Find the LCM of the denominators 5 and 6 to find the least common denominator.




[image: image603.png]Sisprime and 6= 2.3

5

The least common
denominator is
5.2.3=30,




[image: image604.png]Sisprime and 6= 2.3

5

The least common
denominator is
5.2.3=30,




[image: image605.png]Sisprime and 6= 2.3

5

The least common
denominator is
5.2.3=30,




[image: image606.png]Express each fraction as an equivalent fraction with a denominator of 30,

For the first fraction, we need to multiply 5 by 6 since 56 = 30. We also must

multiply the numerator by 6

For the second fraction, we need to multiply 6 by 5 since 6.5 = 30. We also must
multiply the numerator by 5




[image: image607.png]31,51 16,31
5775757
66 3
_166,315
5676
236,15 perfomn the multiplications.
30" 30
_% ;'0155 Write the sum o the umerators over the comaon denorainator.
251
-z Pefomn the addition in the nunerstor

:8% Wirite the result as amixed number.




Multiplication and Division of Fractions 

[image: image608.png]The rules for adding, subtracting, multiplying, and dividing integers that were
presented in Section 1.2 extend to all real numbers. In this section, we will use

those rules in performing the operations of multiplication and division of fractions




Multiplication of Fractions: 

[image: image609.png]The multiply two fractions, place the product of the numerators over the produt

of the denominators

If a,b, ¢, and d are real numbers and ¢ # 0 and d = 0, then

5
&

“1s
“le
iy




[image: image610.png]The multiply two fractions, place the product of the numerators over the produt

of the denominators

If a,b, ¢, and d are real numbers and ¢ # 0 and d = 0, then

5
&

“1s
“le
iy




[image: image611.png]The multiply two fractions, place the product of the numerators over the produt

of the denominators

If a,b, ¢, and d are real numbers and ¢ # 0 and d = 0, then

5
&

“1s
“le
iy




Example: 

[image: image612.png]Evaluate % % and give the resultin simplest form.




Solution: 

[image: image613.png]To muliiply two fractions, write the product of the numerators over the

product of the denominators

= 2% Divide out common factors in numerator and denominator.

Simplify.




Division of Fractions: 

[image: image614.png]To find the quotient of two fractions, multiply the first fraction by the reciprocal
of the second fraction

Ifa, b c, andd are real numbers, and b# 0, c#0, andd =0, then
a b_ad
¢

Two numbers are reciprocals of each other if their productis 1. For example,

3 and & are reciprocals since 2





[image: image615.png]To find the quotient of two fractions, multiply the first fraction by the reciprocal
of the second fraction

Ifa, b c, andd are real numbers, and b# 0, c#0, andd =0, then
a b_ad
¢

Two numbers are reciprocals of each other if their productis 1. For example,

3 and & are reciprocals since 2





[image: image616.png]To find the quotient of two fractions, multiply the first fraction by the reciprocal
of the second fraction

Ifa, b c, andd are real numbers, and b# 0, c#0, andd =0, then
a b_ad
¢

Two numbers are reciprocals of each other if their productis 1. For example,

3 and & are reciprocals since 2





Example: 

[image: image617.png]Evaluate %—% and give the result in simplest form.




Solution: 

[image: image618.png]To divide two fractions, mulfiply the first fraction by the reciprocal of the

second fraction.

Follow the rule for multiplying fractions

Divide out commen factors in numerator and denominator.

Simplify.





[image: image619.png]To divide two fractions, mulfiply the first fraction by the reciprocal of the

second fraction.

Follow the rule for multiplying fractions

Divide out commen factors in numerator and denominator.

Simplify.





Additional Example 1: 

[image: image620.png]Evaluate each of the following and write all answers in simplest form.
2

@) =6

@ 3

2
®) -6




Solution: 

[image: image621.png](a) Wiite 6 as ? Then to multiply two fractions, write the product of the

numerators over the product of the denominators.





[image: image622.png](a) Wiite 6 as ? Then to multiply two fractions, write the product of the

numerators over the product of the denominators.





[image: image623.png]IS

1

232

=T Divide out commen factors in numerator and denominator.
1

Siompli§.

Simpliy.




[image: image624.png](b) Write 6 as ? Then to divi de two fractions, muliply the first fraction by

the reciprocal of the second fraction.





[image: image625.png](b) Write 6 as ? Then to divi de two fractions, muliply the first fraction by

the reciprocal of the second fraction.





[image: image626.png]Follow the rule for multiplying fractions

Divide out commen factors in numerator and denorminator.

- Siompli§.




Additional Example 2: 

[image: image627.png]Evaluate each of the following and write all answers in simplest form. (If the
answer is a mixed numberfimproper fraction, then write the answer as an
improper fraction.)

27 10

@ 555

39
® 5




Solution: 

[image: image628.png](a) To multiply two fractions, write the product of the numerators over

the product of the denominators





[image: image629.png](a) To multiply two fractions, write the product of the numerators over

the product of the denominators





[image: image630.png]27.10_2710

55 55
;{3325
55;{11

_18
55

Divide out commen factors in numerator and denominator.

Simplify.




[image: image631.png](b) To divide two fractions, multiply the first fraction by the reciprocal of the
second fraction.





[image: image632.png](b) To divide two fractions, multiply the first fraction by the reciprocal of the
second fraction.





[image: image633.png]Follow the rule for muliplying fractions

Divide out commen factors in numerator and denominator.

Simplify.




Additional Example 3: 

[image: image634.png]Evaluate each of the following and write all answers in simplest form.
3( 4

Sl L

@ 8[ 21]

®)

=




Solution: 

[image: image635.png](&) To multiply two fractions, write the product of the numerators over the
product of the denominators. Since the fractions have like signs, the answer
is positive,





[image: image636.png](&) To multiply two fractions, write the product of the numerators over the
product of the denominators. Since the fractions have like signs, the answer
is positive,





[image: image637.png]irr
R

y
7

1

7

Divide out common factors in numerator and denorminator.

Simpli 5.




[image: image638.png](6) To divide two fractions, multiply the first fraction by the reciprocal of the second
fraction. Since the fractions have unlike signs, the answer is negative.





[image: image639.png](6) To divide two fractions, multiply the first fraction by the reciprocal of the second
fraction. Since the fractions have unlike signs, the answer is negative.





 [image: image640.png]Follow the rule for multiplying fractions

Divide out commen factors in numerator and denominator.

Simplify.





[image: image641.png]Follow the rule for multiplying fractions

Divide out commen factors in numerator and denominator.

Simplify.




Additional Example 4: 

[image: image642.png]Evaluate the following and write the answer in simplest form. (If the
answer is a mixed numberfimproper fraction, then write the answer as a

mixed number)

(-3




Solution: 

[image: image643.png]We begin by writing each mixzed number as an improper fraction Then to divide

two fractions, multiply the first fraction by the reciprocal of the second fraction




[image: image644.png]Follow the rule for muliplying fractions

Divide out commen factors in numerator and denominator.

Simplify.

=15 Wirite s a mixed number.




For each of the following groups of numbers,


(a)
Find their GCD (greatest common divisor).


(b)
Find their LCM (least common multiple).

1. 6 and 8
2. 4 and 5
3. 7 and 10
4. 12 and 15
5. 14 and 28
6. 6 and 22
7. 8 and 20
8. 9 and 18
9. 18 and 30
10. 60 and 210
11. 16, 20, and 24
12. 15, 21, and 27
Change each of the following improper fractions to a mixed number.

13. (a)

[image: image645.wmf]9

7


(b)

[image: image646.wmf]23

5


(c)

[image: image647.wmf]19

3


14. (a)

[image: image648.wmf]10

3


(b)

[image: image649.wmf]17

6


(c)

[image: image650.wmf]49

9


15. (a)

[image: image651.wmf]27

4

-


(b)

[image: image652.wmf]32

11

-


(c)

[image: image653.wmf]73

10

-


16. (a)

[image: image654.wmf]15

13

-


(b)

[image: image655.wmf]43

8

-


(c)

[image: image656.wmf]57

7

-


Change each of the following mixed numbers to an improper fraction.

17. (a)

[image: image657.wmf]1

6

5


(b)

[image: image658.wmf]4

9

7


(c)

[image: image659.wmf]2

3

8


18. (a)

[image: image660.wmf]1

2

3


(b)

[image: image661.wmf]7

8

10


(c)

[image: image662.wmf]3

5

6


19. 
(a)

[image: image663.wmf]5

7

2

-


(b)

[image: image664.wmf]2

3

5

-


(c)

[image: image665.wmf]1

4

12

-


20. (a)

[image: image666.wmf]1

9

4

-


(b)

[image: image667.wmf]4

5

11

-


(c)

[image: image668.wmf]3

7

9

-


Evaluate the following. Write all answers in simplest form. (If the answer is a mixed number/improper fraction, then write the answer as a mixed number.)

21. (a)

[image: image669.wmf]21

77

+




(b)

[image: image670.wmf]843

111111

+-


22. (a)

[image: image671.wmf]31

55

-




(b)

[image: image672.wmf]452

999

+-


23. (a)

[image: image673.wmf]41

55

82

-



(b)

[image: image674.wmf]723

33

-


24. (a)

[image: image675.wmf]321

55

-




(b)

[image: image676.wmf]6

2

1111

75

+


25. (a)

[image: image677.wmf]3

1

44

52

-



(b)

[image: image678.wmf]3

4

55

67

+


26. (a)

[image: image679.wmf]53

77

92

-



(b)

[image: image680.wmf]5

11

4

-


27. (a)

[image: image681.wmf]2

3

7

-




(b)

[image: image682.wmf]39

1010

73

-


28. (a)

[image: image683.wmf]7

11

1212

62

+



(b)

[image: image684.wmf]5

1

66

82

-


Evaluate the following. Write all answers in simplest form. (If the answer is a mixed number/improper fraction, then write the answer as a mixed number.)

29. (a)

[image: image685.wmf]11

42

+




(b)

[image: image686.wmf]11

37

-


30. (a)

[image: image687.wmf]11

810

-




(b)

[image: image688.wmf]11

65

+


31. (a)

[image: image689.wmf]111

456

+-



(b)

[image: image690.wmf]23

75

+


32. (a)

[image: image691.wmf]111

275

+-



(b)

[image: image692.wmf]43

117

-+


33. (a)

[image: image693.wmf]11

3510

-




(b)

[image: image694.wmf]35

46

+


34. (a)

[image: image695.wmf]11

624

-




(b)

[image: image696.wmf]87

1512

+


35. (a)

[image: image697.wmf]3

1

76

45

+



(b)

[image: image698.wmf]7

1

102

75

-


36. (a)

[image: image699.wmf]5

1

74

103

-



(b)

[image: image700.wmf]3

1

128

64

+


37. (a)

[image: image701.wmf]3

4

57

78

+



(b)

[image: image702.wmf]42

93

51

-


38. (a)

[image: image703.wmf]5

1

46

73

-



(b)

[image: image704.wmf]713

824

29

+


39. (a)

[image: image705.wmf]7

2

1512

52

-



(b)

[image: image706.wmf]75

166

92

+


40. (a)

[image: image707.wmf]95

108

76

+



(b)

[image: image708.wmf]53

144

11

-


Evaluate the following. Write all answers in simplest form. (If the answer is a mixed number/improper fraction, then write the answer as an improper fraction.)

41. (a)

[image: image709.wmf]23

94

+




(b)

[image: image710.wmf]48

159

-


42.  (a)

[image: image711.wmf]79

1610

-




(b)

[image: image712.wmf]1117

1435

+


43. (a)

[image: image713.wmf]1

3

5

+




(b)

[image: image714.wmf]2

3

7

-


44.  (a)

[image: image715.wmf]2

5

9

-




(b)

[image: image716.wmf]2

7

6

+


Evaluate the following. Write all answers in simplest form. (If the answer is a mixed number/improper fraction, then write the answer as an improper fraction.)

45. (a)

[image: image717.wmf]1

5

3

×



(b)

[image: image718.wmf]5

21

6

×



(c)

[image: image719.wmf]5

16

4

-×


46. (a)

[image: image720.wmf]3

8

7

×



(b)

[image: image721.wmf]1

24

18

×



(c)

[image: image722.wmf]11

25

10

-×


47. (a)

[image: image723.wmf]125

711

×



(b)  
[image: image724.wmf]109

218

æö

-×-

ç÷

èø


(c) 

[image: image725.wmf]316

2015

×


48. (a)

[image: image726.wmf]361

258

æö

×-

ç÷

èø


(b)

[image: image727.wmf]87

193

×



(c)

[image: image728.wmf]142

145

×




49. (a)

[image: image729.wmf]1

5

20

¸



(b)

[image: image730.wmf]8

4

3

¸



(c)

[image: image731.wmf]7

5

10

-


50. (a)

[image: image732.wmf]3

6

11

¸



(b)

[image: image733.wmf]8

20

5

æö

-¸-

ç÷

èø


(c)

[image: image734.wmf]4

22

9

¸


51. (a)

[image: image735.wmf]1218

357

¸



(b)

[image: image736.wmf]3

5

5

9

-

-



(c)

[image: image737.wmf]155

1624

¸


52. (a)

[image: image738.wmf]1

4

5

16




(b)

[image: image739.wmf]369

550

-¸


 (c)

[image: image740.wmf]4935

2432

¸


Evaluate the following. Write all answers in simplest form. (If the answer is a mixed number/improper fraction, then write the answer as a mixed number.)

53. (a)

[image: image741.wmf](

)

(

)

10

4

577

8

×



(b)

[image: image742.wmf](

)

(

)

79

810

1

×


54. (a)

[image: image743.wmf](

)

(

)

3

2

94

2

×



(b)

[image: image744.wmf](

)

(

)

7

4

165

3

×


55.  (a)

[image: image745.wmf](

)

(

)

11

7

3

25

×


(b)

[image: image746.wmf](

)

(

)

33

5

11

62

×




56. (a)

[image: image747.wmf](

)

(

)

11

74

35

×



(b)

[image: image748.wmf](

)

(

)

3

11

5

12

2

5

-

×


57.  (a)

[image: image749.wmf](

)

(

)

5

1

84

52

¸


(b)

[image: image750.wmf](

)

(

)

17

1

918

111

-¸


58. (a)

[image: image751.wmf](

)

(

)

5

4

57

41

¸


(b)

[image: image752.wmf](

)

(

)

5

1

1122

22

¸




Section 1.4:  Exponents and Radicals

· Evaluating Exponential Expressions

· Square Roots



Evaluating Exponential Expressions

 [image: image753.png]Let # be a natural number. Then the exponential expression x * is defined by

. " .
x5z, The expression is read as 'x to the #™ power
Iy

The number xis called the baseand » is called the exponent. The exponent 2

gives the number of factors that the base x is used in a product,




Two Rules for Exponential Expressions: 

[image: image754.png]Let 2 and 72 be natral numbers.

(1) Productrule: x™x" = x™*"

If two exponential expressions with the same base are multiplied, keep the common
base and add the exponents

(2) Power rule: (x"’)

If an exponential expression is raised to a power, keep the base and multiply the
exponents




[image: image755.png]Let 2 and 72 be natral numbers.

(1) Productrule: x™x" = x™*"

If two exponential expressions with the same base are multiplied, keep the common
base and add the exponents

(2) Power rule: (x"’)

If an exponential expression is raised to a power, keep the base and multiply the
exponents





[image: image756.png]Let 2 and 72 be natral numbers.

(1) Productrule: x™x" = x™*"

If two exponential expressions with the same base are multiplied, keep the common
base and add the exponents

(2) Power rule: (x"’)

If an exponential expression is raised to a power, keep the base and multiply the
exponents




[image: image757.png]Let 2 and 72 be natral numbers.

(1) Productrule: x™x" = x™*"

If two exponential expressions with the same base are multiplied, keep the common
base and add the exponents

(2) Power rule: (x"’)

If an exponential expression is raised to a power, keep the base and multiply the
exponents





[image: image758.png]Let 2 and 72 be natral numbers.

(1) Productrule: x™x" = x™*"

If two exponential expressions with the same base are multiplied, keep the common
base and add the exponents

(2) Power rule: (x"’)

If an exponential expression is raised to a power, keep the base and multiply the
exponents




Example: 

[image: image759.png]Identify the base and exponent for each of the following exponential expressions.
Then evaluate each expression.

@ 9*

®) -9





Solution: 

[image: image760.png](2) The base is 9 and the exponent is 2. This tells us that the base of 9is used

as a factor 2 times in a product.

Thus,
92=9.9
=21





[image: image761.png](2) The base is 9 and the exponent is 2. This tells us that the base of 9is used

as a factor 2 times in a product.

Thus,
92=9.9
=21





[image: image762.png](2) The base is 9 and the exponent is 2. This tells us that the base of 9is used

as a factor 2 times in a product.

Thus,
92=9.9
=21




[image: image763.png](b) The base is O and the exponentis 2. This tells us that the base of 9is used

as a factor 2 times in a product.

Thus,






[image: image764.png](b) The base is O and the exponentis 2. This tells us that the base of 9is used

as a factor 2 times in a product.

Thus,






[image: image765.png](b) The base is O and the exponentis 2. This tells us that the base of 9is used

as a factor 2 times in a product.

Thus,





Example: 

[image: image766.png]Wiite cach of the following as a base and exponent. Do not evaluate.
(@ 3%.3%

w (=)




Solution: 

[image: image767.png]() Use the product rule for exponential expressions. Keep the common base

and find the sum of the exponents

3435 3446

=31





[image: image768.png]() Use the product rule for exponential expressions. Keep the common base

and find the sum of the exponents

3435 3446

=31





[image: image769.png]() Use the product rule for exponential expressions. Keep the common base

and find the sum of the exponents

3435 3446

=31




[image: image770.png](b) Use the power rule for exponential expressions. Keep the base and find
the product of the exponents.






[image: image771.png](b) Use the power rule for exponential expressions. Keep the base and find
the product of the exponents.






[image: image772.png](b) Use the power rule for exponential expressions. Keep the base and find
the product of the exponents.





Additional Properties for Exponential Expressions: 

Two Definitions: 

[image: image773.png]Let # be anatural number. We have the following definitions
(1) Fx=0, then x°=1

@) Qlegative exponents) Fx= 0, then =7 == and "

x





[image: image774.png]Let # be anatural number. We have the following definitions
(1) Fx=0, then x°=1

@) Qlegative exponents) Fx= 0, then =7 == and "

x





[image: image775.png]Let # be anatural number. We have the following definitions
(1) Fx=0, then x°=1

@) Qlegative exponents) Fx= 0, then =7 == and "

x





Quotient Rule for Exponential Expressions: 

[image: image776.png]x
Quotient Rule: If »2 and  are natural numbers and x 0, then ~—
x

If two exponential expressions with the same base are divided, keep the common

base and subtract the exponents

From the definition of negative exponents, it follows that the Product Rule, the
Power Rule, and the Quotient Rule hold for all exponents that are integers




Exponential Expressions with Bases of Fractions: 

[image: image777.png]T2 is an integer, x# 0, andy 20, then [‘





Example: 

[image: image778.png]Evaluate each of the following:
@27

.
® I

5
® @




Solution: 

[image: image779.png]() Tnis an integer and %0, then x

Using this rule, rewrite the given expression so thatit contains a positive exponent

Then evaluate the resulting exponential expression






[image: image780.png]() Tnis an integer and %0, then x

Using this rule, rewrite the given expression so thatit contains a positive exponent

Then evaluate the resulting exponential expression





[image: image781.png](5) Tt and 1 are integers and 7% 0, then —— =
X

Using this rule, rewsite the given expression and then evaluate

5 o8

55
=5
=555





[image: image782.png](5) Tt and 1 are integers and 7% 0, then —— =
X

Using this rule, rewsite the given expression and then evaluate

5 o8

55
=5
=555




[image: image783.png]() T is an integer, =0, andy =0, then [l] [Zj
¥ x

Using this rule, rewrite the given expression so thatit contains a positive exponent

Then evaluate the resulting exponential expression

B-F

3
2
5

222





[image: image784.png]() T is an integer, =0, andy =0, then [l] [Zj
¥ x

Using this rule, rewrite the given expression so thatit contains a positive exponent

Then evaluate the resulting exponential expression

B-F

3
2
5

222




Additional Example 1: 

[image: image785.png]Identify the base and exponent for each of the following exponential expressions.

Then evaluate each expression.
@ 6
®) -6

R

© [%]
v

@ [,g]




Solution: 

[image: image786.png](a) The base is 6 and the exponentis 3. This tells us that the base of 6is used

as a factor 3 times in a product

Thus,






[image: image787.png](a) The base is 6 and the exponentis 3. This tells us that the base of 6is used

as a factor 3 times in a product

Thus,





[image: image788.png](b) The baseis 6 and the exponentis 2. This tells us that the base of 6is used

as a factor 2 times in a product

Thus,






[image: image789.png](b) The baseis 6 and the exponentis 2. This tells us that the base of 6is used

as a factor 2 times in a product

Thus,





[image: image790.png](e) The base is % and the exponent is 3. This tells us that the base ofé isused

as a factor 3 times in a product

Thus,






[image: image791.png](e) The base is % and the exponent is 3. This tells us that the base ofé isused

as a factor 3 times in a product

Thus,





[image: image792.png](d) The base is 72 and the exponent is 2. This tells us that the base of 72 is

used as a factor 2 times in a product.

-

Thus,





[image: image793.png](d) The base is 72 and the exponent is 2. This tells us that the base of 72 is

used as a factor 2 times in a product.

-

Thus,




Additional Example 2: 

[image: image794.png]Write each of the following as a base and exponent. Do not evaluate.
@ 474
®) 47247
4t
© e

@ (a7




Solution: 

[image: image795.png](a) Use the product rule for exponential expressions. Keep the common base

and find the sum of the exponents

43.45243+5
s






[image: image796.png](a) Use the product rule for exponential expressions. Keep the common base

and find the sum of the exponents

43.45243+5
s






[image: image797.png](a) Use the product rule for exponential expressions. Keep the common base

and find the sum of the exponents

43.45243+5
s





[image: image798.png](b) Use the product rule for exponential expressions. Keep the common base

and find the sum of the exponents.

47247247247

=43





[image: image799.png](b) Use the product rule for exponential expressions. Keep the common base

and find the sum of the exponents.

47247247247

=43





[image: image800.png](b) Use the product rule for exponential expressions. Keep the common base

and find the sum of the exponents.

47247247247

=43




[image: image801.png](c) Use the quotient rule for exponential expressions. Keep the common base

and subiract the exponents.






[image: image802.png](c) Use the quotient rule for exponential expressions. Keep the common base

and subiract the exponents.






[image: image803.png](c) Use the quotient rule for exponential expressions. Keep the common base

and subiract the exponents.





[image: image804.png](d) Use the power rule for exponential expressions. Keep the base and find

the product of the exponents.






[image: image805.png](d) Use the power rule for exponential expressions. Keep the base and find

the product of the exponents.






[image: image806.png](d) Use the power rule for exponential expressions. Keep the base and find

the product of the exponents.





Additional Example 3: 

[image: image807.png]Rewrite each expression so that it contains positive exponents rather than
negative exponents, and then evaluate the expression.

@ 872
1
O] =

s
° (5)

o3




Solution: 

[image: image808.png](a) T is an integer and x# 0,then x

Using this rule, rewsite the given expression so that it contains a positive exponent.

Then evaluate the resulting exponential expression.






[image: image809.png](a) T is an integer and x# 0,then x

Using this rule, rewsite the given expression so that it contains a positive exponent.

Then evaluate the resulting exponential expression.





[image: image810.png](b) Tn s an integer and x#0,then x

Using this rule, rewsite the given expression so that it contains a positive exponent.

Then evaluate the resulting exponential expression.






[image: image811.png](b) Tn s an integer and x#0,then x

Using this rule, rewsite the given expression so that it contains a positive exponent.

Then evaluate the resulting exponential expression.






[image: image812.png](b) Tn s an integer and x#0,then x

Using this rule, rewsite the given expression so that it contains a positive exponent.

Then evaluate the resulting exponential expression.





[image: image813.png]() Inis an integer, x %0, andy =0, then [‘

Using this rule, rewsite the given expression so that it contains a positive exponent.
Then evaluate the resulting exponential expression.





[image: image814.png]() Inis an integer, x %0, andy =0, then [‘

Using this rule, rewsite the given expression so that it contains a positive exponent.
Then evaluate the resulting exponential expression.




[image: image815.png](d) T is an integer, 20, andy 20, then [l] [Zj
¥ x

Using this rule, rewsite the given expression so that it contains a positive exponent.

Then evaluate the resulting exponential expression.





[image: image816.png](d) T is an integer, 20, andy 20, then [l] [Zj
¥ x

Using this rule, rewsite the given expression so that it contains a positive exponent.

Then evaluate the resulting exponential expression.




Square Roots 

Definitions: 

[image: image817.png]A number yis called a square root of a number x provided that y* = x We see
that —9 and 9 are square roots of 81 since (~9) > =97 =81. Tn general, if

x>0, then x has two square roots, one is negative and one is positive,

The prinicipal square root of x is the positive square oot of x andis denoted by
Jx. The expression V/x is an example of a radical expression and is read "the

saquare oot of "

Also, the principal square root of 0is 0: /0= 0. Moreover, the square root of

anegative number s not a real number,

Tn the example above, we have 81 =9 and — /81
Tn the expression +/x, the symbol 4/ is called aradical sign and x is called the

radicand.

-9,




Two Rules for Square Roots: 

[image: image818.png](1) Product Rule: I x20 and y20, then Jo = /5 -5

(2) Quotient Rule: Fx20andy >0, then ‘f: %

B
B




Writing Radical Expressions in Simplest Radical Form: 

[image: image819.png]The Product Rule and Quotient Rule for square roots can be used to write
radical expressions in simplest radical form.

A square root is not in simplest radical form if the radicand contains a perfect

sauare factor

Examples of perfect integer squares are 36 = 62, 64= 8%, and 121=11%. (Their
square roots are integers.) For example, 24 is not in simplest radical form

since 24 contains a perfect square Factor of4.




[image: image820.png]The Product Rule and Quotient Rule for square roots can be used to write
radical expressions in simplest radical form.

A square root is not in simplest radical form if the radicand contains a perfect

sauare factor

Examples of perfect integer squares are 36 = 62, 64= 8%, and 121=11%. (Their
square roots are integers.) For example, 24 is not in simplest radical form

since 24 contains a perfect square Factor of4.




[image: image821.png]The Product Rule and Quotient Rule for square roots can be used to write
radical expressions in simplest radical form.

A square root is not in simplest radical form if the radicand contains a perfect

sauare factor

Examples of perfect integer squares are 36 = 62, 64= 8%, and 121=11%. (Their
square roots are integers.) For example, 24 is not in simplest radical form

since 24 contains a perfect square Factor of4.




Example: 

[image: image822.png]Write /24 in simplest radical form




Solution: 

[image: image823.png]First, factor 24 into the product of two numbers so that one of the factors

is the largest perfect square factor that divides 24: /24 = /4.6

Mext, use the product rule for square roots: /46 =4 /6

Thus,
VI -JTE
i V6

=2./6. (4 = 2 since 2% = 4 and 2 is positive)




[image: image824.png]A square root is not in simplest radical form if the radicand contains a fraction. In

addition, a radical expression is not in simplest radical form i there is a radical in the
denorminator.

For exanple, — is ot simples radical form. T his case, we can rationalze
g

the denominator by multiplying both numerator and denominator by ~/3 and use
the definition of a square root to note that /3.3 =

Tn general, if x20, then /x /%





Example: 

[image: image825.png]v &
5

in simplest radical form




Solution: 

[image: image826.png]First, use the quotient property of square roots

Then

Simplify in the rumeratar.

Muliply rumerator snd dencminstar by ~5.

Simplify. (Note that i x 20, then vx vz = 1)




[image: image827.png]First, use the quotient property of square roots

Then

Simplify in the rumeratar.

Muliply rumerator snd dencminstar by ~5.

Simplify. (Note that i x 20, then vx vz = 1)




Exponential Form: 

[image: image828.png]By the foll owing definition, a square root can be written in exponential form.





Additional Example 1: 

[image: image829.png]Write each expression in simplest radical form.

@ Va8

® (100)%
© V28

@ [g]




Solution: 

[image: image830.png](2) 49 is the principal square root of 49, Note that 72 = 49 and 7 is positive.
Thus,

JA5=7.





[image: image831.png](2) 49 is the principal square root of 49, Note that 72 = 49 and 7 is positive.
Thus,

JA5=7.




[image: image832.png]1
(b) First, rewrite the expression in radical form: (100) 7 = V100

/100 is the principal square root of 100. Note that 102 =100 and 10 is positive
Thus,

1
(100)7 = 100
0






[image: image833.png]1
(b) First, rewrite the expression in radical form: (100) 7 = V100

/100 is the principal square root of 100. Note that 102 =100 and 10 is positive
Thus,

1
(100)7 = 100
0





[image: image834.png]() First, factor 28 into the product of two numbers so that one of the factors is the largest
perfect square that divides 28 ~28 = /4.7

Next, use the product rule for square roots: ~J4-7 = /4 /7
Thus,





[image: image835.png]() First, factor 28 into the product of two numbers so that one of the factors is the largest
perfect square that divides 28 ~28 = /4.7

Next, use the product rule for square roots: ~J4-7 = /4 /7
Thus,




[image: image836.png]1
(d) First, rewrite the expression in radical form: [g] £ g
Mot use the quotient ol fo squace soots. |20 = Y2

BT B

Thus,






[image: image837.png]1
(d) First, rewrite the expression in radical form: [g] £ g
Mot use the quotient ol fo squace soots. |20 = Y2

BT B

Thus,





Additional Example 2: 

[image: image838.png]Write ea:h expression in simplest radical form.

(a)

(b)J_




Solution: 

[image: image839.png](@) First, multiply numerator and denominator by /3. Then simplify by noting

thatifx2 0, fx fx=x

Thus,
7_18
RN )
75

3





[image: image840.png](@) First, multiply numerator and denominator by /3. Then simplify by noting

thatifx2 0, fx fx=x

Thus,
7_18
RN )
75

3





[image: image841.png](@) First, multiply numerator and denominator by /3. Then simplify by noting

thatifx2 0, fx fx=x

Thus,
7_18
RN )
75

3




[image: image842.png]Usethe quatient o for sare roats
Sianplifyin the num exatr.
Multiply amesstor and denominate by 3.

Simplify. Note thatif x 20, thenn/r -4/7 = .





Additional Example 3: 

[image: image843.png]Write each expression in simplest radical form.

o -2
4
® -7




Solution: 

[image: image844.png](a) First, factor 18 into the product of two numbers so that one of the factors

fE__E
6 6

is the largest perfect square that divides 18 —

Then

E__5E

Simplifyin the rumerator.

Divide out commen factors

Simplify.






  [image: image845.png](a) First, factor 18 into the product of two numbers so that one of the factors

fE__E
6 6

is the largest perfect square that divides 18 —

Then

E__5E

Simplifyin the rumerator.

Divide out commen factors

Simplify.







  [image: image846.png](a) First, factor 18 into the product of two numbers so that one of the factors

fE__E
6 6

is the largest perfect square that divides 18 —

Then

E__5E

Simplifyin the rumerator.

Divide out commen factors

Simplify.





[image: image847.png](b) First, factor 12 into the product of two numbers so that one of the factors
4

et

4
is the largest perfect scuare that divides 12 ——=
vz

Then

%
-

U'se the produst rule for sqare raots

|- 5]
k2

Simpliyin the denomintor.

&2

Mudtiply fuan sator and desoministr by .

=

S5

Simplify. (ote thatifx 20, 7 i =x)

e
&

Divide ot common factars.

Simplify.

“"% ~ra)





[image: image848.png](b) First, factor 12 into the product of two numbers so that one of the factors
4

et

4
is the largest perfect scuare that divides 12 ——=
vz

Then

%
-

U'se the produst rule for sqare raots

|- 5]
k2

Simpliyin the denomintor.

&2

Mudtiply fuan sator and desoministr by .

=

S5

Simplify. (ote thatifx 20, 7 i =x)

e
&

Divide ot common factars.

Simplify.

“"% ~ra)




Write each of the following products instead as a base and exponent. (For example, 
[image: image849.wmf]2

666

×=

)

1. (a)

[image: image850.wmf]777

××




(b)

[image: image851.wmf]1010

×





(c)

[image: image852.wmf]888888

×××××


(d)

[image: image853.wmf]3333333

××××××


2. (a)

[image: image854.wmf]999

××




(b)

[image: image855.wmf]44444

××××





(c)

[image: image856.wmf]5555

×××



(d)

[image: image857.wmf]1717

×


Fill in the appropriate symbol from the set 
[image: image858.wmf]{

}

,,

<>=

.

3. 
[image: image859.wmf]2

7

-


______
0
4. 
[image: image860.wmf](

)

4

9

-


______
0
5. 
[image: image861.wmf](

)

6

8

-


______
0
6. 
[image: image862.wmf]6

8

-


______
0
7. 
[image: image863.wmf]2

10

-


______

[image: image864.wmf](

)

2

10

-


8. 
[image: image865.wmf]3

10

-


______

[image: image866.wmf](

)

3

10

-


Evaluate the following.

9. (a)

[image: image867.wmf]1

3




(b)

[image: image868.wmf]2

3




(c)

[image: image869.wmf]3

3



(d)

[image: image870.wmf]1

3

-



(e)

[image: image871.wmf]2

3

-



(f)

[image: image872.wmf]3

3

-



(g)

[image: image873.wmf](

)

1

3

-



(h)

[image: image874.wmf](

)

2

3

-



(i)

[image: image875.wmf](

)

3

3

-



(j)

[image: image876.wmf]0

3




(k)

[image: image877.wmf]0

3

-



(l)

[image: image878.wmf](

)

0

3

-



(m)

[image: image879.wmf]4

3




(n)

[image: image880.wmf]4

3

-



(o)

[image: image881.wmf](

)

4

3

-




[image: image882.wmf]
10. (a)

[image: image883.wmf]0

5




(b)

[image: image884.wmf](

)

0

5

-



(c)

[image: image885.wmf]0

5

-



(d)

[image: image886.wmf]1

5




(e)

[image: image887.wmf](

)

1

5

-



(f)

[image: image888.wmf]1

5

-



(g)

[image: image889.wmf]2

5




(h)

[image: image890.wmf](

)

2

5

-



(i)

[image: image891.wmf]2

5

-



(j)

[image: image892.wmf]3

5




(k)

[image: image893.wmf](

)

3

5

-



(l)

[image: image894.wmf]3

5

-



(m)

[image: image895.wmf]4

5




(n)

[image: image896.wmf](

)

4

5

-



(o)

[image: image897.wmf]4

5

-


11. (a)

[image: image898.wmf](

)

2

0.5



(b)

[image: image899.wmf]2

1

5

æö

ç÷

èø



(c)

[image: image900.wmf]2

1

9

æö

-

ç÷

èø


12. (a)

[image: image901.wmf](

)

2

0.03



(b)

[image: image902.wmf]4

1

3

æö

ç÷

èø



(c)

[image: image903.wmf]2

1

12

æö

-

ç÷

èø



Write each of the following products instead as a base and exponent. (Do not evaluate; simply write the base and exponent.) No answers should contain negative exponents.

13. (a)

[image: image904.wmf]26

55

×



(b)

[image: image905.wmf]26

55

-

×


14. (a)

[image: image906.wmf]85

33

×



(b)

[image: image907.wmf]85

33

-

×


15. (a)

[image: image908.wmf]9

2

6

6




(b)

[image: image909.wmf]9

2

6

6

-


16. (a)

[image: image910.wmf]9

5

7

7




(b)

[image: image911.wmf]9

5

7

7

-


17. (a)

[image: image912.wmf]73

8

44

4

×



(b)

[image: image913.wmf]113

85

44

44

-

-

×

×


18. (a)

[image: image914.wmf]12

54

8

88

×



(b)

[image: image915.wmf]49

41

88

88

-

-

×

×


19. (a)

[image: image916.wmf](

)

6

3

7



(b)

[image: image917.wmf](

)

(

)

3

4

2

5


20. (a)

[image: image918.wmf](

)

4

2

3



(b)

[image: image919.wmf](

)

(

)

4

5

3

2


Rewrite each expression so that it contains positive exponent(s) rather than negative exponent(s), and then evaluate the expression. 

21. (a)

[image: image920.wmf]1

5

-



(b)

[image: image921.wmf]2

5

-



(c)

[image: image922.wmf]3

5

-


22.  (a)

[image: image923.wmf]1

3

-



(b)

[image: image924.wmf]2

3

-



(c)

[image: image925.wmf]3

3

-


23. (a)

[image: image926.wmf]3

2

-



(b)

[image: image927.wmf]5

2

-



24. (a)

[image: image928.wmf]2

7

-


(b)

[image: image929.wmf]4

10

-


25. (a)

[image: image930.wmf]1

1

5

-

æö

ç÷

èø


(b)

[image: image931.wmf]1

2

3

-

æö

ç÷

èø




26. (a)

[image: image932.wmf]1

1

7

-

æö

ç÷

èø


(b)

[image: image933.wmf]1

6

5

-

æö

ç÷

èø


27. (a)

[image: image934.wmf]2

5

-

-


(b)

[image: image935.wmf](

)

2

5

-

-


28. (a)

[image: image936.wmf](

)

2

8

-

-


(b)

[image: image937.wmf]2

8

-

-


Evaluate the following. 

29. (a)

[image: image938.wmf]3

8

2

2

-



(b)

[image: image939.wmf]2

6

2

2

-

-


30.  (a)

[image: image940.wmf]1

2

5

5

-



(b)

[image: image941.wmf]1

3

5

5

-

-

-


31. (a)

[image: image942.wmf](

)

(

)

2

0

3

2


(b)

[image: image943.wmf](

)

(

)

2

1

3

2

-

-

-


32. (a)

[image: image944.wmf](

)

(

)

2

2

1

3

-

-


(b)

[image: image945.wmf](

)

(

)

0

1

2

3

-

-


Simplify the following.  No answers should contain negative exponents.

33. (a)

[image: image946.wmf](

)

3

342

3

xyz

-



(b)

[image: image947.wmf](

)

3

342

3

xyz

-

-


34. (a)

[image: image948.wmf](

)

2

534

6

xyz

-



(b)

[image: image949.wmf](

)

2

534

6

xyz

-

-


35. 
[image: image950.wmf](

)

1

346

7

xxx

x

-

---

-


36. 
[image: image951.wmf](

)

234

1

41

xxx

xx

--

-

-


37. 
[image: image952.wmf](

)

32

3

12

km

km

-

--


38. 
[image: image953.wmf](

)

4

437

359

abc

abc

--

-


39. 
[image: image954.wmf]43

109

2

4

ab

ab

-

--

-


40. 
[image: image955.wmf]70

124

5

3

de

de

-

--

-


41. 
[image: image956.wmf](

)

00

0

ab

ab

+

+


42. 

[image: image957.wmf](

)

00

0

cd

cd

-

-


43. 
[image: image958.wmf]2

36

32

3

2

ab

ab

-

-

æö

-

ç÷

èø


44. 
[image: image959.wmf]3

22

2

5

6

ab

ab

-

-

æö

ç÷

-

èø


Write each of the following expressions in simplest radical form or as a rational number (if appropriate). If it is already in simplest radical form, say so.

45. (a)

[image: image960.wmf](

)

1

2

36


(b)

[image: image961.wmf]7


(c)

[image: image962.wmf]18


46. (a)

[image: image963.wmf]20


(b)

[image: image964.wmf]49


(c)

[image: image965.wmf](

)

1

2

32


47. (a)

[image: image966.wmf](

)

1

2

50


(b)

[image: image967.wmf]14


(c)

[image: image968.wmf]81

16


48. (a)

[image: image969.wmf](

)

1

2

19


(b)

[image: image970.wmf]16

49


(c)

[image: image971.wmf]55


49. (a)

[image: image972.wmf]28


(b)

[image: image973.wmf]72


(c)

[image: image974.wmf](

)

1

2

27


50. (a)

[image: image975.wmf](

)

1

2

45


(b)

[image: image976.wmf]48


(c)

[image: image977.wmf]500


51. (a)

[image: image978.wmf]54


(b)

[image: image979.wmf](

)

1

2

80


(c)

[image: image980.wmf]60


52. (a)

[image: image981.wmf]120


(b)

[image: image982.wmf]180


(c)

[image: image983.wmf](

)

1

2

84


53. (a)

[image: image984.wmf]1

5


(b)

[image: image985.wmf]1

2

3

4

æö

ç÷

èø


(c)

[image: image986.wmf]2

7


54. (a)

[image: image987.wmf]1

3



(b)

[image: image988.wmf]5

9


(c)

[image: image989.wmf]1

2

2

5

æö

ç÷

èø


55. (a)

[image: image990.wmf]7

4


 (b)

[image: image991.wmf]1

10


(c)

[image: image992.wmf]3

11


56. (a)

[image: image993.wmf]1

6


(b)

[image: image994.wmf]11

9


(c)

[image: image995.wmf]5

2


57. (a)

[image: image996.wmf]5

3


(b)

[image: image997.wmf]457

xyz


58. (a)

[image: image998.wmf]7

2


(b)

[image: image999.wmf]295

abc


Evaluate the following.

59. (a)

[image: image1000.wmf](

)

2

5



(b)

[image: image1001.wmf](

)

4

6



(c)

[image: image1002.wmf](

)

6

2


60. (a)

[image: image1003.wmf](

)

2

7



(b)

[image: image1004.wmf](

)

4

3



(c)

[image: image1005.wmf](

)

6

10


We can evaluate radicals other than square roots. With square roots, we know, for example, that 
[image: image1006.wmf]497

=

, since 
[image: image1007.wmf]2

749

=

, and 
[image: image1008.wmf]49

-

 is not a real number. (There is no real number that when squared gives a value of 
[image: image1009.wmf]49

-

, since 
[image: image1010.wmf]2

7

 and 
[image: image1011.wmf](

)

2

7

-

 give a value of 49, not 
[image: image1012.wmf]49

-

. The answer is a complex number, which will not be addressed in this course.) In a similar fashion, we can compute the following:

Cube Roots


[image: image1013.wmf]3

1255

=

, since 
[image: image1014.wmf]3

5125

=

.


[image: image1015.wmf]3

1255

-=-

, since 
[image: image1016.wmf](

)

3

5125

-=-

.

Fourth Roots


[image: image1017.wmf]4

10,00010

=

, since 
[image: image1018.wmf]4

1010,000

=

.


[image: image1019.wmf]4

10,000

-

 is not a real number.

Fifth Roots


[image: image1020.wmf]5

322

=

, since 
[image: image1021.wmf]5

232

=

.


[image: image1022.wmf]5

322

-=-

, since 
[image: image1023.wmf](

)

5

232

-=-

.

Sixth Roots


[image: image1024.wmf]11

6

642

=

, since 
[image: image1025.wmf](

)

6

1

2

64

=

.


[image: image1026.wmf]1

6

64

-

 is not a real number.

Evaluate the following. If the answer is not a real number, state “Not a real number.”

61. (a)

[image: image1027.wmf]64



(b)

[image: image1028.wmf]64

-



(c)

[image: image1029.wmf]64

-


62. (a)

[image: image1030.wmf]25



(b)

[image: image1031.wmf]25

-



(c)

[image: image1032.wmf]25

-


63. (a)

[image: image1033.wmf]3

8




(b)

[image: image1034.wmf]3

8

-



(c)

[image: image1035.wmf]3

8

-


64. (a)

[image: image1036.wmf]4

81



(b)

[image: image1037.wmf]4

81

-



(c)

[image: image1038.wmf]4

81

-


65. (a)

[image: image1039.wmf]6

1,000,000



(b)

[image: image1040.wmf]6

1,000,000

-



(c)

[image: image1041.wmf]6

1,000,000

-


66. (a)

[image: image1042.wmf]5

32



(b)

[image: image1043.wmf]5

32

-



(c)

[image: image1044.wmf]5

32

-


67. (a)

[image: image1045.wmf]1

4

16



(b)

[image: image1046.wmf]1

4

16

-



(c)

[image: image1047.wmf]1

4

16

-


68. (a)

[image: image1048.wmf]1

3

27



(b)

[image: image1049.wmf]1

3

27

-



(c)

[image: image1050.wmf]1

3

27

-


69. (a)

[image: image1051.wmf]1

5

100,000



(b)

[image: image1052.wmf]1

5

100,000

-





(c)

[image: image1053.wmf]1

5

100,000

-


70. (a)

[image: image1054.wmf]6

1




(b)

[image: image1055.wmf]6

1

-



(c)

[image: image1056.wmf]6

1

-




Section 1.5:  Order of Operations

· Evaluating Expressions Using the Order of Operations



Evaluating Expressions Using the Order of Operations 

[image: image1057.png]Tn evaluating expressions involving more than one operation, we need a procedure
that clarifies the order in which the operations are performed. To see why this

is necessary, consider the expression 9463

IF the addition is performed before the division, the resultis 15+ 3= 5. However,

if the division is performed before the addition, the resultis 9 +2=11

We need to establish an order of operations to rule out the possiblity of geffing

two different results when evaluating expressions involving several operations




[image: image1058.png]Tn evaluating expressions involving more than one operation, we need a procedure
that clarifies the order in which the operations are performed. To see why this

is necessary, consider the expression 9463

IF the addition is performed before the division, the resultis 15+ 3= 5. However,

if the division is performed before the addition, the resultis 9 +2=11

We need to establish an order of operations to rule out the possiblity of geffing

two different results when evaluating expressions involving several operations




[image: image1059.png]Tn evaluating expressions involving more than one operation, we need a procedure
that clarifies the order in which the operations are performed. To see why this

is necessary, consider the expression 9463

IF the addition is performed before the division, the resultis 15+ 3= 5. However,

if the division is performed before the addition, the resultis 9 +2=11

We need to establish an order of operations to rule out the possiblity of geffing

two different results when evaluating expressions involving several operations




Rules for the Order of Operations: 

1)
Operations that are within parentheses and other grouping symbols are performed


first. These operations are performed in the order established in the following steps.


If grouping symbols are nested, evaluate the expression within the innermost


grouping symbol first and work outward.

2)
Exponential expressions and roots are evaluated first.

3)
Multiplication and division are performed next, moving left to right and performing


these operations in the order that they occur.

4)
Addition and subtraction are performed last, moving left to right and performing


these operations in the order that they occur.

Upon removing all of the grouping symbols, repeat the steps 2 through 4 until the

final result is obtained.

[image: image1060.png]Tn evaluating the expression 9+ 63 we follow the order of operations and
perform the division first and then the addition.

Thus,
946+3=942=11




[image: image1061.png]Tn evaluating the expression 9+ 63 we follow the order of operations and
perform the division first and then the addition.

Thus,
946+3=942=11




Example: 

[image: image1062.png]Evaluate: —13+4-5-35+7




Solution: 

[image: image1063.png]Multiplication and division are performed before addition and subiraction. Working
from left to right, peform the multiplication: 4+5

—13+4:5-35+

13+20-35+7
13+20-5 Perforn the division: 35 <7

=7-5 Working e o vight, perfor the adlitions 13+ 20

Perforn the subtaction.




Example: 

[image: image1064.png]Evaluate: (15-9)(6+1)%-20




Solution: 

[image: image1065.png]In the order of operafions, begin by performing the operations within parentheses

(and other grouping symbols): 15-9 and 6+1

(15-9)(6+1)-20=6-7%-20
—6-49-20 Evaluate the exponertial expression: 7°
~294-20 Peform the multiphication: 649
o Perform the subtcaction.




Additional Example 1: 

[image: image1066.png]Evaluate: 9+2-6-8+2




Solution: 

[image: image1067.png]In the order of operations, multiplication and division are performed before

addition and subtraction.

9+2:6-8+2=09+12-8+2  Working fem lef o rght, perform the muliglicaicn: 26
=9+12-4 Peform the division: <2
=21-4 Working lef o sigh, pesform the addition: 9 +12

=17, Peform the subtraction.




Additional Example 2: 

[image: image1068.png]Evaluate: (10+12)+

+5(8-6)




Solution: 

[image: image1069.png]In the order of operations, begin by performing the operations within parentheses
(and other grouping symbols): 10+12 and 8-6

(10412)+2+5(8-6) = 22+2+5-2
=11452  Working from Lefto ight, perform the divicion: 22+ 2
=11+10 Peform the multiplcation: 5.2
=21 Pexform the addition.




Additional Example 3: 

[image: image1070.png]Evaluate: 13+(-8+11)(3+2)°




Solution: 

[image: image1071.png]In the order of operations, begin by performing the operations within parentheses

(and other grouping symbols): ~8+11 and  3+2

13+(-8+11)(3+2)% =13+3-57

=13+3-125  Eveluate the exponertial expression: 5
=13+375 Peform the multiplcation: 3125
=388 Pexform the addition.




Additional Example 4: 

[image: image1072.png]7fB1-52
14+4:36

Evaluate:




Solution: 

[image: image1073.png]Perform the operations in the numerator and the denominator separately. Begin by evaluating
the powers and roots: +B1, 57, and /36

TNBT-52 _7.9-25
14+4/36  14+4-6

63-25 Peform the multiplication n the mumerater: 70

T4+24  Pefomn the multgtication in the denominatar: 4.6
Peform the subtraction in the rumerstor, 6325
Peform the addition i the denominator. 1424

Simplify.




Additional Example 5: 

[image: image1074.png]Evaluate the expression 3|x+y|-20+z forx=16,y=2 andz=5




Solution: 

[image: image1075.png]Substitute 16 for x, 2for y, and 5 for z in the given expression:
3t y|-20+2 = 3[16+2-20+5

Absolute value symbols serve as grouping symbols. Begin by performing the
operation within the absolute value symbol: 16+2

Then
3|x+y|-20+z=3[16+2|-20+5
=3[18]-20+5
=3-18-20+5  Evluate the sheolute vabue of 15

Working 1ef. o right, perform the multiplication: 318
Peform the division: 2055
Peform the subtraction.





Answer the following.

1. In the abbreviation PEMDAS used for order of operations, 

(a)
State what each letter stands for:


P:
____________________




E:
____________________




M:
____________________




D:
____________________




A:
____________________




S:
____________________


(b)
If choosing between multiplication and division, which operation should come first? 


(Circle the correct answer.)



Multiplication



Division



Whichever appears first

(c)
If choosing between addition and subtraction, which operation should come first? (Circle the correct answer.)



Addition



Subtraction



Whichever appears first

2. When performing order of operations, which of the following are to be viewed as if they were enclosed in parentheses? (Circle all that apply.)



Absolute value bars




Radical symbols




Fraction bars
Evaluate the following. 

3.  (a)

[image: image1076.wmf]345

+×




(b)

[image: image1077.wmf](34)5

+×



(c)

[image: image1078.wmf]345

-×




(d)

[image: image1079.wmf](34)5

-×



(e)

[image: image1080.wmf]345

-+



(f)

[image: image1081.wmf]3(45)

-+


4. (a)

[image: image1082.wmf]1067

-×



(b)

[image: image1083.wmf](106)7

-×



(c)

[image: image1084.wmf]106(7)

+



(d)

[image: image1085.wmf]10(67)

+



(e)

[image: image1086.wmf]7106

-+



(f)

[image: image1087.wmf]7(106)

-+


5. (a)

[image: image1088.wmf]37

--



(b)

[image: image1089.wmf]73

-+



(c)

[image: image1090.wmf]37

--



(d)

[image: image1091.wmf]73

-+


6. (a)

[image: image1092.wmf]25

-+



(b)

[image: image1093.wmf]25

-+



(c)

[image: image1094.wmf]25

--



(d)

[image: image1095.wmf]25

--


7. 
(a)

[image: image1096.wmf]275

--+



(b)

[image: image1097.wmf]2(75)

--+





(c)

[image: image1098.wmf]2(7)5

---+


(d)

[image: image1099.wmf]27(5)

---



(e)

[image: image1100.wmf]2(7(5))

---



(f)

[image: image1101.wmf]2(7)57

-+


8. (a)

[image: image1102.wmf]62(4)

--+-


(b)

[image: image1103.wmf](

)

62(4)

--+-





(c)

[image: image1104.wmf]62(4)

---



(d)

[image: image1105.wmf](62)(4)

---



(e)

[image: image1106.wmf]2(6)4

--+



(f)

[image: image1107.wmf]24(62)

--+


9. (a)

[image: image1108.wmf]211

534

-+



(b)

[image: image1109.wmf]211

534

æö

-+

ç÷

èø






(c)

[image: image1110.wmf]2111

5344

æö

--

ç÷

èø


(d)

[image: image1111.wmf]211

534

æö

-+

ç÷

èø


10. (a)

[image: image1112.wmf]35

1

26

æö

-

ç÷

èø



(b)

[image: image1113.wmf]35

1

26

æö

-

ç÷

èø






(c)

[image: image1114.wmf]35

1

26

æö

-×

ç÷

èø



(d)

[image: image1115.wmf]35

1

26

-+


11.  (a)

[image: image1116.wmf](

)

2

547

-



(b)

[image: image1117.wmf](

)

2

17

--



(c)

[image: image1118.wmf](

)

5147

--



(d)

[image: image1119.wmf](

)

2

7415

-+-



(e)

[image: image1120.wmf]22

51

--




(f)

[image: image1121.wmf](

)

2

51

--


12. (a)

[image: image1122.wmf]2

23

--




(b)

[image: image1123.wmf](

)

2

3

23

--



(c)

[image: image1124.wmf]23(14)

-++


(d)

[image: image1125.wmf](

)

3

(23)14

-++



(e)

[image: image1126.wmf]22

23

+




(f)

[image: image1127.wmf](

)

2

23

+


13. (a)

[image: image1128.wmf]202(10)

¸



(b)

[image: image1129.wmf](

)

20210

¸×



(c)

[image: image1130.wmf]2010(2)105

-×¸-××


14. (a)

[image: image1131.wmf]244(2)

¸-



(b)

[image: image1132.wmf](244)2

¸-



(c)

[image: image1133.wmf]24(2)42(2)

-¸¸-


15. (a)

[image: image1134.wmf]2

1052

¸×



(b)

[image: image1135.wmf](

)

2

1052

¸×



(c)

[image: image1136.wmf](

)

(

)

2

210255

+--


16. (a)

[image: image1137.wmf](39)34

+¸×


(b)

[image: image1138.wmf]3(93)4

+¸×



(c)

[image: image1139.wmf](

)

(

)

3

3934

---


17. (a)

[image: image1140.wmf](

)

1

1

6

3

-

+


(b)

[image: image1141.wmf](

)

1

1

6

3

-

×



(c)

[image: image1142.wmf](

)

1

1

6

3

-


18. (a)

[image: image1143.wmf](

)

1

2

3

5

-

+


(b)

[image: image1144.wmf](

)

1

2

3

5

-

×



(c)

[image: image1145.wmf](

)

1

2

3

5

-


19. 
[image: image1146.wmf](

)

11

745

--

+-+


20. 
[image: image1147.wmf](

)

11

837

--

-


21. 
[image: image1148.wmf](

)

24

7523

-

-+


22. 
[image: image1149.wmf](

)
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3234

--

++


23. 
[image: image1150.wmf]113

234
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¸×-
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èø


24. 
[image: image1151.wmf]3310

5103

-¸×


25. 
[image: image1152.wmf]25

533

+×




26. 
[image: image1153.wmf]16

3216

-


27. 
[image: image1154.wmf](

)

2341

-+


28. 
[image: image1155.wmf]2341

-+


29. 
[image: image1156.wmf](

)

2341

-+


30. 
[image: image1157.wmf](

)

(

)

2341

-+


31. 
[image: image1158.wmf](

)

2

2341

-+


32. 
[image: image1159.wmf](

)

2

2341

-+


33. 
[image: image1160.wmf](

)

(

)

3773

12233

---

¸×-


34. 
[image: image1161.wmf](

)

(

)

35

2411

51263

---

-¸+


35. 

[image: image1162.wmf](

)

(

)

2

812432

--+-


36. 
[image: image1163.wmf](

)

(

)

23

64542

--+


37. 
[image: image1164.wmf](

)

22

4121543

-+--×


38. 
[image: image1165.wmf](

)

22

144526123

-+-¸×


39. 
[image: image1166.wmf](

)

2

4932

349

-


40. 
[image: image1167.wmf]2

3492

349

-


41. 
[image: image1168.wmf](

)

2
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916

+-

+


42. 
[image: image1169.wmf](

)

2
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+-

+


43. 
[image: image1170.wmf](

)

2

2

235

2824

---

+¸×


44. 
[image: image1171.wmf](

)

2
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2824

---

+¸×


45. 
[image: image1172.wmf](

)
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)
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5337241
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-++--
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+


46. 
[image: image1173.wmf](

)

2
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Evaluate the following expressions for the given values of the variables. 

47. 
[image: image1174.wmf]r

P

k

+




for 
[image: image1175.wmf]5,1,and7

Prk

==-=

.

48. 
[image: image1176.wmf]xy

yz

+




for 
[image: image1177.wmf]4,3,and8

xyz

==-=

.

49. 
[image: image1178.wmf]2
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for 
[image: image1179.wmf]4

b

=

 and 
[image: image1180.wmf]2
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=-

.

50. 
[image: image1181.wmf]2
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for 
[image: image1182.wmf]1,3,and18
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=-==

.



Section 1.6:  Solving Linear Equations

· Linear Equations



Linear Equations 

Rules for Solving Equations: 

[image: image1183.png]In solving an equation, we isolate the variable on one side of the equation by using the
following s

(1) FA=5,then
A+C=B4C Adding or subtracting the same quanfity to both sides of an

and equation produces an equivalent equation, an equation with the
A same solutions as the original equation.

(2) T in addtion, i C = 0, then

Ac=pC Multiplying or dividing both sides of an equation by the same

and nonzero quantity produces an equivalent equation.

Qe
+1E





[image: image1184.png]In solving an equation, we isolate the variable on one side of the equation by using the
following s

(1) FA=5,then
A+C=B4C Adding or subtracting the same quanfity to both sides of an

and equation produces an equivalent equation, an equation with the
A same solutions as the original equation.

(2) T in addtion, i C = 0, then

Ac=pC Multiplying or dividing both sides of an equation by the same

and nonzero quantity produces an equivalent equation.

Qe
+1E




[image: image1185.png]In solving an equation, we isolate the variable on one side of the equation by using the
following s

(1) FA=5,then
A+C=B4C Adding or subtracting the same quanfity to both sides of an

and equation produces an equivalent equation, an equation with the
A same solutions as the original equation.

(2) T in addtion, i C = 0, then

Ac=pC Multiplying or dividing both sides of an equation by the same

and nonzero quantity produces an equivalent equation.

Qe
+1E





[image: image1186.png]In solving an equation, we isolate the variable on one side of the equation by using the
following s

(1) FA=5,then
A+C=B4C Adding or subtracting the same quanfity to both sides of an

and equation produces an equivalent equation, an equation with the
A same solutions as the original equation.

(2) T in addtion, i C = 0, then

Ac=pC Multiplying or dividing both sides of an equation by the same

and nonzero quantity produces an equivalent equation.

Qe
+1E




Linear Equations: 

[image: image1187.png]An equation that can be written in the form ax+5 =c, wherea, b, andc are

real numbers and a # 0 is called a linear equation in the variable




Example: 

[image: image1188.png]Solve the equation 6x+5=17.




Solution: 

[image: image1189.png]6x+5=17

6x+5-5=17-5  Subtcact S from both sides ofthe eqation.
6x=12 Sinyplify
fx_12 Divide ot sides of the equation by 6.
g6

x=2 Simplify.




Example: 

[image: image1190.png]Solve the equation 2(x+5) = 9x—11




Solution: 

[image: image1191.png]2x+5)=9x-11
2x+10=9z-11
2x+10-9x=92-11-9x
“7x+10=-11
Tx+10-10=-11-10

Use the distributive property on the lef-hand side (LHS).
Subteact Ox from both sides of the equation.

Sinplify.
Subtract 10 from both sidss of the equation.

Sinplify.

Divide hoth sides of the equation by -7

Sinmplify




Additional Example 1: 

[image: image1192.png]Solve the equation 6x+3= 4x+33,




Solution: 

[image: image1193.png]6x+3=4x+33
6x+3-4x=4x+33-4x
25+3=33
2x+3-3=33-3
2x=30
Zx 30
Z 2

x=15

Subtrast 4 from both sidss ofthe equation.
Sinplify.

Subtract 3 from both sides ofthe squaion
Sinplify.

Divide both sides of the equation by 2.

Sinmplify




Additional Example 2: 

[image: image1194.png]Solve the equation 2(x— 3)+ 7=—4(x+1)+3.




Solution: 

[image: image1195.png]2x=3)+T=-4(x+D+3
25-6+7= 4z -4+3
2x+1=-4z-1
2x+1+4x=4x-1+4x
-1

Use the distributive propesty on both sdes of the squstion.
Sinplify.

Add 4 o both sids of the squation.

Sinplify.

Subtract | from both sides ofthe squaion

Sinplify.

Divide both sides of the equation by 6.

Sinplify.




Additional Example 3: 

[image: image1196.png]Solve the equation 25+ + 522
126




Solution: 

[image: image1197.png]2x+ 4
26
12(2x)+12£+12("3)
2 6
2dxtx+2(x-9 =121
24x+x+2x-6=121
277-6=12x
27x-6-12x=12x-12x
152-6=0
157-6+6=0+6
15x=6

Bx_6

DAt

=12x

Duitipty both sides of the equation by 12.

Sinplify.
Use the distrbutive propesty on the LHS
Combins ke teams on the LHS

Subtract 12 from both sids of the squation.
Sinplify.

Add 610 both sidss ofthe squation.
Sinplify.

Divide both sides by 15,

Sinplify.

Sinplify.




Solve the following equations algebraically.
1. 
[image: image1198.wmf]512
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2. 
[image: image1199.wmf]89
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[image: image1200.wmf]47
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[image: image1201.wmf]28
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Section 1.7:  Interval Notation and Linear Inequalities

· Linear Inequalities



Linear Inequalities 

[image: image1227.png]An mnequality in the variable x 13 linear if each term 15 a constant or a multiple of x.

The inequality will contain an inequality symbol
< isless than
< isless than or equal to

> isgreaterthan
> isgreater than or equal to

To solve an inequality containing a variable, find all values of the variable that make the

inequality true.




Rules for Solving Inequalities: 

[image: image1228.png]In solving inequalities, isolate the variable on one side of the inequality symbol by
using the following rules.

1) A< Bis equivalent to A+C'< B+C

Adding the same quantity to both sides of an inequality produces an equivalent inequality.

2) 4= Bis equivalent to A-C'< B-C

Subtracting the same quantity from both sides of an inequality produces an equivalent
inequality.





[image: image1229.png]In solving inequalities, isolate the variable on one side of the inequality symbol by
using the following rules.

1) A< Bis equivalent to A+C'< B+C

Adding the same quantity to both sides of an inequality produces an equivalent inequality.

2) 4= Bis equivalent to A-C'< B-C

Subtracting the same quantity from both sides of an inequality produces an equivalent
inequality.




[image: image1230.png]In solving inequalities, isolate the variable on one side of the inequality symbol by
using the following rules.

1) A< Bis equivalent to A+C'< B+C

Adding the same quantity to both sides of an inequality produces an equivalent inequality.

2) 4= Bis equivalent to A-C'< B-C

Subtracting the same quantity from both sides of an inequality produces an equivalent
inequality.





[image: image1231.png]In solving inequalities, isolate the variable on one side of the inequality symbol by
using the following rules.

1) A< Bis equivalent to A+C'< B+C

Adding the same quantity to both sides of an inequality produces an equivalent inequality.

2) 4= Bis equivalent to A-C'< B-C

Subtracting the same quantity from both sides of an inequality produces an equivalent
inequality.




[image: image1232.png]3) I C >0, then A< Bis equivalent to CA<CB

Multiplying both sides of an inequality by a positive number produces an equivalent
inequality.

4) I C <0, then A< B is equivalent to CA=CB

Multiplying both sides of an inequality by a negative number reverses the direction of the
inequality.





[image: image1233.png]3) I C >0, then A< Bis equivalent to CA<CB

Multiplying both sides of an inequality by a positive number produces an equivalent
inequality.

4) I C <0, then A< B is equivalent to CA=CB

Multiplying both sides of an inequality by a negative number reverses the direction of the
inequality.




[image: image1234.png]3) I C >0, then A< Bis equivalent to CA<CB

Multiplying both sides of an inequality by a positive number produces an equivalent
inequality.

4) I C <0, then A< B is equivalent to CA=CB

Multiplying both sides of an inequality by a negative number reverses the direction of the
inequality.





[image: image1235.png]3) I C >0, then A< Bis equivalent to CA<CB

Multiplying both sides of an inequality by a positive number produces an equivalent
inequality.

4) I C <0, then A< B is equivalent to CA=CB

Multiplying both sides of an inequality by a negative number reverses the direction of the
inequality.




Interval Notation: 

[image: image1236.png]After solving a linear inequality, we graph the solution set on the real number

line and write the solution in interval notation.




[image: image1237.png]Interval Notation

@)
[b.0n)
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Description of Interval
includes ol reel rmbers » such that

isgetsrtuns  (1>5)
s all ool b x such that
ris grester tan o squalto b (12 5)
inctudes al teel mabers x such that
rislessthana (x<a)
it allteel b x such that

»isless thaorsqul toa (1% a)

includes dl real numbers x

inctudes al ree mabers ¢ such that
risbetweena andb  (a<r<b)
s alltee mabes x such that
is greaterthan or equal o a and »is
lessthan b (a%x<b)
s alltee mabers x such that
i greaterthan @ an s Isss than or
cqualtos  (a<r<)
s al teel mabers ¢ such that
i between and including a and b

(agx<b)




Example: 

[image: image1238.png]Solve the inequality 22— 5> 3. Give the answer in interval nofation and graph
the solution set.




Solution: 

[image: image1239.png]2x-5>3

2x-5+45>3+5
2x>8
Zx .8
7z 2

x>4

Add 5 to both sides
Simplify.

Divide both sices by 2.

Simplify.




[image: image1240.png]2x-5>3

2x-5+45>3+5
2x>8
Zx .8
7z 2

x>4

Add 5 to both sides
Simplify.

Divide both sices by 2.

Simplify.




[image: image1241.png]The inequality is true for all values of x that are greater than 4. In interval notation the
solution is (4,00) . The graph of the solution s sketched below,

2 3 4 5






[image: image1242.png]The inequality is true for all values of x that are greater than 4. In interval notation the
solution is (4,00) . The graph of the solution s sketched below,

2 3 4 5




Example: 

[image: image1243.png]Solve the inequality 3r+112 6x+8. Give the answer in interval notation
and graph the solution set.




Solution: 

[image: image1244.png]3x+1126x+8
3x+11-6x2 6x+8-6x
~3x+1128
“3x+11-1128-11
~3x2-3

Subtract 61 from both sides.
Sinplify
Subtract 11 from both sides
Sinplify

Divide both sides by - 3. Reverse the direction of the ineqality.

Simplify.




[image: image1245.png]The inequality is true for all values of x that are less than ot equal to 1. In interval notation
the solution is (~00,1]. The bracket at 1 indicates that 1 is in the set. The graph of the
solution is sketched below.

—





Example: 

[image: image1246.png]Solve the double inequality ~1<2x-53. Give the answer in interval notation
and graph the solution set




Solution: 

[image: image1247.png]The solution set consist of all values of x that satisfy both inequalities
~1<2z-5and 2z-5<3

To solve —1 <2x—5<3, use the rules for inequalities to isolate x in the middle.





[image: image1248.png]-1<2x-5<3
“14+5<22-5+553+5  AddS

4<25<8 Simplify:
4 Zx_8

—<i=— Divide by 2
2 272 k4

2<xg4 Simplify:




[image: image1249.png]The solution in interval nofation is (2,4]. The graph of the solution is shown below.

_ .
2 3 4






[image: image1250.png]The solution in interval nofation is (2,4]. The graph of the solution is shown below.

_ .
2 3 4




Additional Example 1: 

[image: image1251.png]Let §'=(~4,0,3). What elements of §, if any, satisfy the inequality 3x+5> x7




Solution: 

[image: image1252.png]Substitute x = ~4 into the inequality.
3x+55x
3(-4)+5>-4
~12+5>-4

-74-4

—4 does not satisfy the inequality.




[image: image1253.png]Substitute x = ~4 into the inequality.
3x+55x
3(-4)+5>-4
~12+5>-4

-74-4

—4 does not satisfy the inequality.




[image: image1254.png]Substitute x = 0 into the inequality.
3x+55x

30)+5>0

0+5>0
v

550

0 satisfies the inequality




[image: image1255.png]Substitute x = 0 into the inequality.
3x+55x

30)+5>0

0+5>0
v

550

0 satisfies the inequality




[image: image1256.png]Substitute x = 0 into the inequality.
3x+55x

30)+5>0

0+5>0
v

550

0 satisfies the inequality




[image: image1257.png]Substitute x = 3 into the inequality

3x+55x

3()+53

9+5>3
v

1453

3 satisfies the inequality.




[image: image1258.png]Substitute x = 3 into the inequality

3x+55x

3()+53

9+5>3
v

1453

3 satisfies the inequality.




Additional Example 2: 

[image: image1259.png]Solve the inequality 4x— 9 <11. Write the solution in interval notation and

graph the solution on the real number line




Solution: 

[image: image1260.png]4z-9<11

4x-949 <1149
4x<20
Ax_20
s

x<5

4449 to both sides
Simplify.

Divide both sides by 4.

Simplify.




[image: image1261.png]‘The inequality is true for all values of x that are less than 5. In interval notation the solution

is(~00,5). The graph of the solution is sketched below.

———o—

4 5






[image: image1262.png]‘The inequality is true for all values of x that are less than 5. In interval notation the solution

is(~00,5). The graph of the solution is sketched below.

———o—

4 5




Additional Example 3: 

[image: image1263.png]Solve the inequality 7-3x29. Write the solution in interval notation and

graph the solution on the real number line




Solution: 

[image: image1264.png]7-3x29

7-3x-729-7 Subtract7 fram both sices

Simplify.
Divide both sides by - 3. Reverse the direction of the inequlity.

Simplify.





[image: image1265.png]‘The inequalityis true for all values of x that are less than or equal to 72 In interval notation the

solution s [4»,7 %} The bracket at 72 indicates that 72 isinthe set. The graph of the solution

is sketched below.

—

2
-5




[image: image1266.png]‘The inequalityis true for all values of x that are less than or equal to 72 In interval notation the

solution s [4»,7 %} The bracket at 72 indicates that 72 isinthe set. The graph of the solution

is sketched below.

—

2
-5




[image: image1267.png]‘The inequalityis true for all values of x that are less than or equal to 72 In interval notation the

solution s [4»,7 %} The bracket at 72 indicates that 72 isinthe set. The graph of the solution

is sketched below.

—

2
-5




Additional Example 4: 

[image: image1268.png]Solve the inequality 3(4x—1)<15x+12. Write the solution in interval notation and

graph the solution on the real number line




Solution: 

[image: image1269.png]3ex-D<152+12
12x-3<15x+12

12x-3-155 <155 +12-15x
~3x-3s12

~3r-3+3<12+3

Use the dtibutive property on the LS
Subtract 15 from both s

Siplify

Add 3 to both sices

Siplify

Divide both sidesby — 3. Reverse the direction of the inecpuality.

Simpify.




[image: image1270.png]‘The inequalityis true for all values of x that are greater than or equal to —5. Ininterval nofation the

solution is[ ~5,00). The bracket at =5 indicates that ~ 5 is in the set. The graph of the solution

is sketched below.





Additional Example 5: 

[image: image1271.png]Solve the double inequality 1< 7+2x<9. Write the solution in interval notation

and graph the solution on the real number line.




Solution: 

[image: image1272.png]1=27+2x<9
1-7<7+2x-7<9-7

Isolate x in the middle.
Subtract 7.
Simplify.

Divide by 2.

Simplify.




[image: image1273.png]Tn interval notation the solution is[~3,1]. The brackets at —3 and 1 indicate that
-3 and 1 are inthe set. The graph of the solution is sketched below.

— e
1





Additional Example 6: 

[image: image1274.png]Solve the double inequality —2 <4%s§ Write the solution in interval notation

and graph the solution on the real number line.




Solution: 

[image: image1275.png]4-x_3

2=
5
Ge<f Sreg 2
F
-10<4-x=3
—10-4<4-z-4<3-4
~14<-x=-1

CHEM = CDED2EDED
14>xz1

Isolate x in the middle.

Muigty by 5

Sinplify
Subtract,
Sinplify
Muliplyby -1. Reverse the diection of the inequdites.
Simplify.




[image: image1276.png]4-x_3

2=
5
Ge<f Sreg 2
F
-10<4-x=3
—10-4<4-z-4<3-4
~14<-x=-1

CHEM = CDED2EDED
14>xz1

Isolate x in the middle.

Muigty by 5

Sinplify
Subtract,
Sinplify
Muliplyby -1. Reverse the diection of the inequdites.
Simplify.




[image: image1277.png]14> x21 canbe written as 1<x <14

In interval notation the solution is[1,14) . The bracket at 1 indicates
that 1 is inthe set. The graph of the solution is sketched below.




[image: image1278.png]14> x21 canbe written as 1<x <14

In interval notation the solution is[1,14) . The bracket at 1 indicates
that 1 is inthe set. The graph of the solution is sketched below.




[image: image1279.png]14> x21 canbe written as 1<x <14

In interval notation the solution is[1,14) . The bracket at 1 indicates
that 1 is inthe set. The graph of the solution is sketched below.




Additional Example 7: 

[image: image1280.png]A rental car company offers wo options. Option 1is $100 per week plus 10
cents for cach mile, Option 2is $125 per week plus 5 cents for each mile. How
many miles per week would a person need to drive to make Option 2 more
economical than Option 17




Solution: 

[image: image1281.png]Let x = the number of miles per week.
100+.10x = the weekly cost of Option 1
125+.057 = the weekly cost of Option 2.





[image: image1282.png]Wite an inequality. We want Option 2 more economical than Option 1

(The cost of Option 2) is less than (the cost of Option 1)




[image: image1283.png]Wite an inequality. We want Option 2 more economical than Option 1

(The cost of Option 2) is less than (the cost of Option 1)




[image: image1284.png]125+.05x <100+.10x
125+.057— .10z <100+.10z .10z
125-.057 <100
125-.057-125 <100-125
- 055 <=25
=A5x 25
—65  —05

x>500

Subtract 10x from both sices
Siplify
Subtract 125 from both sides.
Siplify

Divide both sidesby - 05. Reverse the direction cf the inequality.

Simplify.

A person must drive more than 500 miles per week for Option 2 to be more economical

than Option 1




[image: image1285.png]125+.05x <100+.10x
125+.057— .10z <100+.10z .10z
125-.057 <100
125-.057-125 <100-125
- 055 <=25
=A5x 25
—65  —05

x>500

Subtract 10x from both sices
Siplify
Subtract 125 from both sides.
Siplify

Divide both sidesby - 05. Reverse the direction cf the inequality.

Simplify.

A person must drive more than 500 miles per week for Option 2 to be more economical

than Option 1




For each of the following inequalities:


(a)
Write the inequality algebraically.

(b)
Graph the inequality on the real number line.

(c)
Write the inequality in interval notation.

1. x is greater than 5.
2. x is less than 4.
3. x is less than or equal to 3.
4. x is greater than or equal to 7.
5. x is not equal to 2.
6. x is not equal to 
[image: image1286.wmf]5

-

.
7. x is less than 
[image: image1287.wmf]1.

-


8. x is greater than 
[image: image1288.wmf]6

-

.
9. x is greater than or equal to 
[image: image1289.wmf]4

-

.
10. x is less than or equal to 
[image: image1290.wmf]2

-

.
11. x is not equal to 
[image: image1291.wmf]8

-

.
12. x is not equal to 3.
13. x is not equal to 2 and x is not equal to 7.
14. x is not equal to 
[image: image1292.wmf]4

-

 and x is not equal to 0.
Write each of the following inequalities in interval notation.

15. 
[image: image1293.wmf]3
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x


16. 
[image: image1294.wmf]5
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17. 
[image: image1295.wmf]2
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18. 
[image: image1296.wmf]7
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[image: image1297.wmf]5

3

£

<

x


20. 
[image: image1298.wmf]2
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21. 
[image: image1299.wmf]7

x

¹-


22. 
[image: image1300.wmf]9

x

¹



Write each of the following inequalities in interval notation.

23. [image: image1408.emf]       


[image: image1409.emf]      


[image: image1410.emf]      


[image: image1411.emf]       


[image: image1412.emf]       


[image: image1413.emf]       




Given the set 
[image: image1301.wmf]{
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, use substitution to determine which of the elements of S satisfy each of the following inequalities.

24. 
[image: image1302.wmf]10
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[image: image1303.wmf]14
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27. 
[image: image1305.wmf]0
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28. 
[image: image1306.wmf]10
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29. 
[image: image1307.wmf]5
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For each of the following inequalities:

(a) Solve the inequality.

(b) Graph the solution on the real number line.

(c) Write the solution in interval notation.

30. 
[image: image1308.wmf]10
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31. 
[image: image1309.wmf]24
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[image: image1310.wmf]30
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Which of the following inequalities can never be true?

54. (a)

[image: image1332.wmf]9
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55. (a)
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Answer the following.

56. You go on a business trip and rent a car for $75 per week plus 23 cents per mile. Your employer will pay a maximum of $100 per week for the rental. (Assume that the car rental company rounds to the nearest mile when computing the mileage cost.)
(a)
Write an inequality that models this situation.

(b)
What is the maximum number of miles that you can drive and still be reimbursed in full?

57. Joseph rents a catering hall to put on a dinner theatre. He pays $225 to rent the space, and pays an additional $7 per plate for each dinner served. He then sells tickets for $15 each.
(a)
Joseph wants to make a profit. Write an inequality that models this situation.

(b)
How many tickets must he sell to make a profit?

58. A phone company has two long distance plans as follows:
Plan 1:
$4.95/month plus 5 cents/minute

Plan 2:
$2.75/month plus 7 cents/minute

How many minutes would you need to talk each month in order for Plan 1 to be more cost-effective than Plan 2?

59. Craig’s goal in math class is to obtain a “B” for the semester. His semester average is based on four equally weighted tests. So far, he has obtained scores of 84, 89, and 90. What range of scores could he receive on the fourth exam and still obtain a “B” for the semester? (Note: The minimum cutoff for a “B” is 80 percent, and an average of 90 or above will be considered an “A”.)


Section 1.8:  Absolute Value and Equations

· Absolute Value



Absolute Value 

Equations of the Form |x| = C: 

[image: image1340.png]To solve an equation involving ahsolute value, use the following property:

If C s positive, then |

C'is equivalentto




[image: image1341.png]Recall that the absolute value of areal mumber is its distance from 0 on the number

line. Thus, to solve the equation |x]

C, we find the two numbers that are exactly

C units from 0,




[image: image1342.png]Cugits

Cugits

Qs

Qg





Special Cases for |x| = C: 

[image: image1343.png]Case 1: If C is negative, then the equation |x|= C has no solution since absolute

value canno be negative.

Case 2 The solution of the equation [x|=0is x=0.





Example: 

[image: image1344.png]Solve the equation [4x+7|= 9




Solution: 

[image: image1345.png]The equation [4x+7|= 9is equivalent to two equations: 4x+7=9 or 4x+7=

4x+7=9 or
4x+7-7=9-7
4x=2

fx_





[image: image1346.png]Check the answers

= 2+7)=[9]=

x=—4 LHS=W(-4)+7|=|-16+7|=|-9|=9=RHS ¥




[image: image1347.png]The solutions are x = % andx=—4.




Example: 

[image: image1348.png]Solve the equation 3|x+5|+6 =15




Solution: 

[image: image1349.png]3x+5+6=15
3|x+5+6-6=15-6

3p+5]=9
Akt _o
e
|x+5|=3

Jx+5|=31is equivalent to two equations: x+5=3 or x+5=-3

x+5=3 or
x+5-5=3-5





[image: image1350.png]3x+5+6=15
3|x+5+6-6=15-6

3p+5]=9
Akt _o
e
|x+5|=3

Jx+5|=31is equivalent to two equations: x+5=3 or x+5=-3

x+5=3 or
x+5-5=3-5





[image: image1351.png]Check the answers

x=-2 LHS=3]-2+5/+6=33+6=3.3+6=9+6=15=RHS ¥

x=-8 LHS=3[-8+5+6=3[-3+6=33+6=9+6=15=RHS ¥




[image: image1352.png]The solutions are x= -2 and x = =&




Example: 

[image: image1353.png]Solve the equation [2x+5|+6=1




Solution: 

[image: image1354.png][ex+3/+6
lex+5+6-6=1-6
[ox+5=

The equation has no solution since absolute value cannot be negative,




[image: image1355.png][ex+3/+6
lex+5+6-6=1-6
[ox+5=

The equation has no solution since absolute value cannot be negative,




Example: 

[image: image1356.png]Solve the equation [4x+1]




Solution: 

[image: image1357.png]Jx+1=0
4x+1=0
4x+1-1=0-1

dx=-1

Ar_t




[image: image1358.png]Check the answer.

PR 4[—lj+1 v
3 3

= 1+1|=p|=0=RHS





[image: image1359.png]The solution is 1= %




Example: 

[image: image1360.png]Solve the equation|x—1|=[3z+2|




Solution: 

[image: image1361.png]The equation |x—1|=[3x+2] is equivalent to two equations: x—1=3x+2
or x-1=-(x+2)

x-1=32+2 or
x-1-3x=3x+2-3x
—2x-1=2
—2x-141=2+1
—2%=3

=





[image: image1362.png]Check the answers





[image: image1363.png]Check the answers





[image: image1364.png]The solutions are x = 72 andx





Additional Example 1: 

[image: image1365.png]Solve the equation | 3x+2|=7




Solution: 

[image: image1366.png]|3x+2|=7is equivalent to two equations: 3x+2=7 or 3x+2=-7




[image: image1367.png]3x+2=7 or
3x+2-2=7-2
3x=5

2x





[image: image1368.png]5
The solutions are = = and x




Additional Example 2: 

[image: image1369.png]Solve the equation 3| x+1|-4=5




Solution: 

[image: image1370.png]To solve the equation for x, begin by isolating the absolute value on one side

of the equation.

3|x+1]-4=5
3|x+1|-4+4=5+4

3|x+1]=9

;{\”1\:3

7 3

|x+1]=3




[image: image1371.png]| x+1]=3is equivalent to two equations: x+1=3or x+1=-3

x+1=3 or
x41-1=3-1 x+l-1=-3-1
x=2 x=—4

The solutions are x




Additional Example 3: 

[image: image1372.png]Solve the equation |2x+1]+3=




Solution: 

[image: image1373.png]To solve the equation for x, begin by isolating the absolute value on one side

of the equation




[image: image1374.png]|2x+1]+
|ex+1|+3-3=1-3
|2x+1]=

The equation has no solution since absolute value cannot be negative.




[image: image1375.png]|2x+1]+
|ex+1|+3-3=1-3
|2x+1]=

The equation has no solution since absolute value cannot be negative.




Additional Example 4: 

[image: image1376.png]Solve the equation |3x-5]=0.




Solution: 

[image: image1377.png]|35 5|= 0is equivalent to the equation 3x—5=0.




[image: image1378.png]3x-5=0
3x=5+5=0+5
3x=5
x
7

5
3
5
3




[image: image1379.png]The solution is x:%




Additional Example 5: 

[image: image1380.png]Solve the equation |x—4|=|2x+3|




Solution: 

[image: image1381.png]|x=4|=|2x+3|is equivalent to two equations: x-4=21+3 or 1-4





[image: image1382.png]x-4=2x+3 or
x=4-2x=2x+3-21
-x-4=3
—x-4+4=3+4
-x=7

EDED=C00





[image: image1383.png]The solutions are x= =7 and x = %




Solve the following equations.

1. 
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